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Abstract 

We study the bicategory of Landau-Ginzburg models, which has potentials as objects 
and matrix factorisations as 1-morphisms. Our main result is the existence of adjoints 
in this bicategory and a description of evaluation and coevaluation maps in terms of 
Atiyah classes and homological perturbation. The bicategorical perspective offers a unified 
approach to Landau-Ginzburg models: we show how to compute arbitrary correlators and 
recover the full structure of open/closed TFT, including the Kapustin-Li disk correlator 
and a simple proof of the Cardy condition, in terms of defect operators which in turn are 
directly computable from the adjunctions. 

1. Introduction 

Landau-Ginzburg models play an important role in many areas of mathematical physics and pure 
mathematics. Among them are diverse fields such as singularity theory, representation theory, (ho- 
mological) mirror symmetry, knot invariants, and conformal or topological field theory. The rich 
interplay between these areas is one of the aesthetic motivations for studying Landau-Ginzburg 
models. Another general motivation is their dual nature of affording insight into deep structure 
while at the same time being concrete enough to allow for hands-on computations. 

In this paper we will show how this dichotomy manifests itself in the context of two-dimensional 
topological field theory (TFT) with defects. In short, we explain how Landau-Ginzburg models give 
rise to a bicategory with adjoints and we show that there is a simple description of the structure 
maps in this bicategory in terms of basic invariants called Atiyah classes [Ati57] . These structure 
maps are explicit enough that one can do nontrivial computations, but also conceptually elegant in 
the sense that working with diagrams in the bicategory reduces to a calculus of Atiyah classes. 

To set the stage we recall a few aspects of TFTs with defects in an informal fashion; for more 
detailed accounts we refer to [Kap] and [DKR11, Section 2]. We imagine bulk sector theories Tj to 
"live" on a two-dimensional surface called the worldsheet. More precisely, the worldsheet may be 
partitioned into various domains to which the (not necessarily distinct) theories Tj are associated, 
and which are separated by one-dimensional oriented defect lines D a . A sketch of a typical such 
partitioned worldsheet is shown in Figure 1.1. 

In addition to the labels Tj for the two-dimensional domains and D a for the one-dimensional 
defect lines, we also include labels 4>i for zero-dimensional points. These labels are interpreted as 
describing fields inserted at the points on the worldsheet. Note that the fields can also be placed at 
junctions of multiple defect lines. 

A TFT is a functor that assigns a number called the correlator to a labelled worldsheet like the 
one in Figure 1.1. Its topological nature implies that the value of any correlator does not depend 
on the precise position of the -D Q 's and (j>i's, but only on their isotopy class. 
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Figure 1.1. Part of a worldsheet with defect lines and field insertions 



It is natural to try and make sense of this situation in terms of a bicategory: its objects are 
the theories Tj, 1-morphisms are labelled defect lines D a , and 2-morphisms are the fields fa. The 
composition of 2-morphisms is the operator product of the fields, which is strictly associative because 
we only consider topological field theories. The composition of 1-morphisms comes about as follows: 
since the exact locus of the defect lines does not matter, two (or more) adjacent defect lines can 
be brought together arbitrarily close, and the limit of this fusion is well-defined and nonsingular. 
The unit of the fusion product is the invisible defect which by definition leaves any other defect line 
invariant under fusion. 

Thus any TFT with defects is expected to be associated with a bicategory. Standard examples of 
bicategories include the bicategory of small categories (with objects, 1- and 2-morphisms given by 
categories, functors and natural transformations, respectively) or rings (rings, bimodules, bimodule 
maps), but these are too generic to describe TFTs. A rich and interesting example is the bicategory 
of algebraic varieties with Fourier-Mukai kernels as 1-morphisms [CW10] which describes B-twisted 
sigma models, see e.g. [ABCDG]. 

The subject of this paper is the bicategory CQk of Landau- Ginzburg models over a base ring k. 1 
An object (or bulk theory) is a polynomial ring R = k[x\, . . . , x n ] together with an element W G R 
(the potential) satisfying a finiteness condition that in the case of A: a field amounts to the critical 
points of W being isolated. The 1- and 2-morphisms (or defects and fields) are described by the 
triangulated categories of matrix factorisations of potential differences V — W. The fusion of 1- 
morphisms is the tensor product [Yos98, BR07], and the invisible defect is the stabilised diagonal 
A = /\(®i =1 (R®kR)-0i)- That CGk is indeed a bicategory was worked out in [McN09, LM, CR10]. 

On general grounds it is expected that the bicategorical description of TFTs with defects involves 
additional structure. For example, defect lines are oriented so we expect that any defect line should 
be adjoint to the "same" defect line with reversed orientation. In the case of Landau-Ginzburg 
models this means that for every matrix factorisation X = (X,D) with D 2 = (V — W) ■ lx, 
viewed as a 1-morphism between the bulk theories described by potentials W G k[x\, . . . ,x n ] and 
V G k[z\, . . . , z m ], we expect a matrix factorisation X^ of W — V together with evaluation and 
coevaluation maps 



with natural isomorphisms between X and its double-adjoint, closely related to a so-called pivotal 
structure. The special case where V and W are the same polynomial and depend on only one variable 

x We will allow any commutative noetherian Q-algebra k for the coefficients of polynomial rings, e. g. k — C or 
k = C[ti, . . . ,td] where the ti may be interpreted as deformation parameters. 
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was worked out in [CR12]; we refer to that paper's introductory section for further motivation from 
physics. 

In the present paper we prove that every 1-morphism X : W — > V in CQk as above has left and 
right adjoints given by 'X = X v [m] and X* = X v [n] where X v = Honij.[ x ^](A', is the dual 

factorisation. We provide explicit formulas for the evaluation and coevaluation maps in terms of 
residues and the associative Atiyah class of X that we introduce in Section 3 using noncommutative 
forms. There are two aspects of the construction that we wish to highlight: the first is that one gains 
conceptual insight into the structure of the bicategory CQk by working with Atiyah classes, and the 
second is that having effectively computable formulas for evaluation and coevaluation maps opens 
the doors for many applications. 

Regarding the conceptual aspect we note that there is a close analogy between the Atiyah class 
of a complex of free modules over a ring (or vector bundles on a scheme) and the Riemann curvature 
operator of a Riemannian manifold. One way of making this precise is that the Atiyah class is the 
curvature of a superconnection in the sense of Quillen [Qui85], see Remark 3.8. The symmetries of the 
Riemann curvature operator, the most basic of which is that it is a skew-symmetric operator, play a 
fundamental role in differential geometry. One might therefore expect symmetries of the Atiyah class 
to play a role in algebra, and as an example of this we find that the existence of adjunctions in CQk 
ultimately rests on the skew-symmetry of the Atiyah class of mapping complexes in dg-categories 
of matrix factorisations. 

On the other hand our general construction also allows for concrete calculations. To give a 
flavour of how explicit our results can be made, let {ej}j be a basis for the free k[x, z]-module X 
with dual basis {e|}j. Then e. g. the value of coevaluation map coevx on an element 7 — 9 ai . . . 9 ar 
of the exterior algebra A is 

cbTv x (7) = J2(-l) {n - r+1)le > l+s {d [bn -r](D) ■ ■ ■ d^D)}^ • e* e 3 (1.2) 

i,j 

and there is a similar expression for coevx • Here 7' = 9^ . . . 9\, nr is the "complement" of 7 in the 
sense that b\ < ■ ■ ■ < 6 n _ r is the unique sequence with 7 A 7' = (— l) s 9\ . . . 9 n a scalar multiple of 
the top degree form, and <9ui is a divided difference operator, see (2.12). The evaluation maps have 
similar elementary presentations, which involve in addition supertraces and residues, see Section 5. 

The mixture of conceptual control and concreteness leads to applications which are important in 
their own right, two of which we briefly mention now. Recall that a bulk field in a Landau-Ginzburg 
model with potential W £ k[x] is described as an endomorphism of the stabilised diagonal A\y, so 
the field is an element in the Jacobi algebra Jac(W / ) = k[x]/(d Xi W). Given a matrix factorisation 
(X, D) of V — W, i. e. a defect between the theories W and V £ k[z±, . . . , z m ], we obtain an operator 
T> r (X) between the spaces of bulk fields by sending tp E Jac(W) to an element in Jac(F) obtained 
by "wrapping the defect line labelled by X around ip v . We can make rigorous sense of this defect 
action on bulk fields in terms of string diagrams in the bicategory CQk as 



j Ay 




where as usual (and explained in more detail in Section 2.2) evaluation and coevaluation maps are 
denoted as caps and cups, respectively, px is the right action of Aw on X, and we always read 
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diagrams like the above from bottom to top. Thus (1.3) equals evx ° (lx ® (px (lx ® V 7 ) ° Px )) ° 
coevx, from which in Section 8 we will prove the general formula 



V r (Xm = (-l)( m l 1 )Re Sk[x , z 



}/k[z] 



j> str (d Xl D . . . d Xn Dd Zl D . . . d Zm D)dx 
d Xl W...d Xn W 



(1.4) 



as well as various properties such as T> r {X (g) Y) = D r (X) o T> r (Y). 

One may also consider the situation in (1.3) with an additional defect field $ G End(X) inserted 
on the X-loop. We will see that this simply amounts to the insertion of $ as a factor inside the 
supertrace in (1.4). As the two special cases W = and V = we thus obtain 



3v 



(-!)( 



str (#A^) , 
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Res 



k[x]/k 



tp str 



($Aj } )dx" 



d xl w...d Xn w 



where X^' = d Xl D...d Xn D and = d Zl D...d Zm D. In this way we respectively recover the 

boundary-bulk map (which reduces to the Chern character (— l)v 2 1 str(d Zl D . . . d Zm D) for $ = 1) 
and the Kapustin-Li disk correlator. As part of the general development we also give a new proof 
for the nondegeneracy of the Kapustin-Li pairing that holds over any noetherian Q- algebra k. 

Another application of our construction of adjunctions in CQ^ is a new proof of the Cardy 
condition (see Section 9 for its precise statement). This generalisation of the Hirzebruch-Riemann- 
Roch theorem is the most "quantum" among the axioms for open/closed TFTs (as it stems from 
a one-loop diagram) and may accordingly be viewed as a particularly deep structure. In the case 
of Landau-Ginzburg models it was proved only recently in [PV] when A; is a field of characteristic 
zero. Our proof works for any noetherian Q-algebra k and simply follows from the fact that the 
2-morphism in CQ k to be read off from the diagram 




(which is to be identified with an annulus correlator) can be evaluated in two ways: either by first 
contracting the inner X-loop and then contracting the outer Y-loop, or by first fusing X with Y and 
then contracting the fused (X v <g)Y)-loop. Applying special cases of our evaluation and coevaluation 
maps then immediately produces the Cardy condition, see Theorem 9.1. 

Let us conclude this introductory section by naming some further motivations for, and future 
applications of, the results presented in this paper. One of the most intriguing properties of Landau- 
Ginzburg models is that they are on one side of the CFT/LG correspondence. This roughly states 
that many aspects of a large class of conformal field theories (CFTs) can be described in terms of 
(non-conformal) Landau-Ginzburg models. CFTs have an extremely rich structure, and the sub- 
class of rational CFTs are particularly well-understood. Starting with [FRS02] their description in 
terms of a beautiful categorical theory has been developed, and one may wonder which structures 
encountered in rational CFT can also be found in the theory of Landau-Ginzburg models - whether 
or not they correspond to a rational CFT. The complete answer to this question is not known, but 
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at least all the formal properties of CQk that we establish in this paper also hold for the bicate- 
gory of topological defects in rational conformal field theory. Of course this by no means exhausts 
the richness of rational CFT, and there remain many properties of Landau-Ginzburg models to be 
uncovered, inspired by the CFT/LG correspondence. 

One example is the generalised orbifold procedure of [FFRS09] which constructs all rational 
CFTs of fixed central charge and with identical left and right chiral algebras from any given single 
such CFT. Carried over to Landau-Ginzburg models this leads to the following picture: under the 
right circumstances a Landau-Ginzburg model with potential V can be obtained from a model with 
potential W by identifying an object in the monoidal category CQk(W,W) that can be equipped 
with the structure of a special symmetric Frobenius algebra (see e.g. [FRS02, Section 3]). Then 
the category of matrix factorisations of V is equivalent to the category of -F-modules. The results 
of the present paper facilitate the construction of suitable algebras as follows: for any defect X G 
CQk(W,V) with invertible quantum dimension T> r (X)(l) we obtain a special symmetric Frobenius 
algebra F = X^X, using which we can recast everything about theory V in terms of theory W. Also 
note that with our explicit formula (1.4) the condition of invertibility of the quantum dimension is 
very easy to check in practice. The details of this construction will be described along with examples 
in the forthcoming paper [CR]. 

Finally, we expect the results of the present paper to be relevant to the construction of 2- 
representations of quantum groups from matrix factorisations, and to the construction of the four- 
dimensional TFT which is believed to be the origin of categorified link invariants such as Khovanov- 
Rozansky homology [KhR08]. 

The rest of the present paper is organised as follows. In Section 2 we collect necessary background 
material on bicategories with adjoints, matrix factorisations, noncommutative forms, residues, and 
homological perturbation theory. Section 3 introduces various notions of associative Atiyah classes, 
which together with homological perturbation allow us to invert and lift up to homotopy certain 
maps pertaining to the stabilised diagonal in Section 4. Using these results we construct explicit 
evaluation and coevaluation maps in Section 5 and prove that they indeed endow the bicategory 
CQk with left and right adjoints in Section 6. In Section 7 we discuss the details of the graphical 
calculus as well as pivotality, both important for applications of our main result, some of which 
we describe in the following three sections: defect action on bulk fields in Section 8, open/closed 
TFT and in particular the Cardy condition in Section 9, and a bicategorical trace in Section 10. 
Finally, in Section 11 we provide a proof, similar in spirit to the construction of Section 6, of the 
nondegeneracy of the Kapustin-Li pairing, for the general base k over which we work also in the 
bulk of the paper. 
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2. Background 

Throughout rings are commutative and A; is a noetherian Q-algebra. 
2.1 Bicategories and adjunction 

In this section we recall the basic theory of bicategories, with [Bor] as our main reference. In 
Section 2.2 we introduce the main example of interest, the bicategory of Landau-Ginzburg models. 
The basic references for bicategories are [Ben67, Gra, KS74] and for a useful survey see [Lac]. 

Definition 2.1. A bicategory B consists of the following data: 

— A class \B\ of objects. 

— For each pair A, B of objects a small category B(A, B) whose objects we call 1-morphisms and 
whose arrows we call 2-morphisms. Composition of 2-morphisms is denoted 7 o 5. 

— For each triple A, B,C of objects a functor 

c ABC : B(A, B) x B(B, C) — > B(A, C) . 

Given 1-morphisms / : A — > B and g : B — > C we write g®f for their composite CABC'if, fiO> 
and given 2-morphisms 7 : / — > f and 5 : g — > g' we write 6 <8> 7 for cabc(i, 

— For each object A an identity 1-morphism A^ : A — > A. 

— For each triple of composable 1-morphisms h,g, f a 2-isomorphism 

atfgh ■ (h <g> g) <g> / — > h <g> {g ® /) 
natural with respect to 2-morphisms in all three variables. 

— For each 1-morphism / : A — > B a pair of 2-isomorphisms 

Xf : Ab ® / — y f , 
Pf '■ f ® Aa — > f 

natural with respect to 2-morphisms in the variable /. 

This data is subject to two coherence axioms, one involving the associator a and another involving 
the left and right unit actions A, p, see [Bor, (7.18), (7.19)]. 

The identity 2-endomorphism of a 1-morphism / : A — > B is denoted If and the identity 
2-endomorphism of is denoted 1a- For the remainder of this section, B denotes a bicategory. 
A bicategory with one object is the same data as a monoidal category, and in general B(A, A) is a 
monoidal category with unit Aa for each object A. 

It is convenient to denote 2-morphisms in a bicategory using string diagram notation. This was 
introduced in [JS91, JS] and the reader can also find very clear explanations in [Laul2, KholO]. In 
order to fix our notation, recall that the diagram 




represents a 2-morphism 7 : / ®h — > g in B with / : A — > B, g : C — > B and h : C — > A all 
1-morphisms. We call 7 the value of the diagram (2.1). In the following we will often refrain from 
displaying labels for two-dimensional domains in such diagrams. 
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In this diagrammatic calculus all diagrams are progressively planar in the sense of [JS91], 
i.e. lines proceed strictly upwards. It is straightforward to check [JS91, Theorem 1.2] that an arbi- 
trary such diagram may be unambiguously assigned a value as a 2-morphism in £>, by "tensoring 
horizontally and composing vertically" and this justifies rigorously the use of diagrams like the one 
above. Where appropriate, we allow ourselves to migrate the line labels so that they decorate the 
top and bottom horizontal boundaries, as e. g. in the diagrams (2.7) below. 

Our references for adjunction in bicategories are [Gra, Chapter 6] and [KS74, Kel64]. 

Definition 2.2. Two 1-morphisms / : A — > B and g : B — > A are part of an adjoint pair when 
there exist 2-morphisms 

ev : g ® / — > A A , coev : Ag — > f ® g (2.2) 

satisfying 

Pf o (1/ ® ev) o otfgf o (coev®l/) ° AJ 1 = 1/ , (2.3) 
\ g o (ev ®l ff ) o a -j g o (l g ® coev) o Pg 1 = l g . (2.4) 
Equivalently, the following two composites evaluate to the identity: 

coevigilf &fnf 1 rXov or 

f — >A B ®/ ^(/®<?)®/ — ^/®(<?®/) — >f®A A — 

5 ► 5 ® A B ► g®(f®g) > (g®f)®g > A A ®g ► g . 

In this case we say that g is left adjoint to / and that / is right adjoint to g, and we write g H /. 
The 2-morphisms ev and coev are referred to as the evaluation and coevaluation maps. 

Definition 2.3. B has left adjoints (resp. has right adjoints) if every 1-morphism in B admits a 
left adjoint (resp. admits a right adjoint). If they exist these adjoints are unique up to isomorphism, 
and the unique left and right adjoints of / are denoted by '/ and respectively. 

If a 1-morphism / : A — > B has both a left and right adjoint then we write the evaluation and 
coevaluation maps for the adjunction 'f~\f with / as a subscript, that is 

ev /: t/®/^A A , CO ev /: A B — ►Z® 1 /- (2.5) 

For the adjunction / H f< we write the evaluation and coevaluation maps as 

ev/ : / ® / f — ► A B , coev/ : A A — >• / f ® / . (2.6) 

It is natural to use string diagrams when working with adjoints in a bicategory. In this language 
the evaluation and coevaluation maps (2.5) are written as 

Aa 

: / f / 

ev/ = s Z^*^ ' coev/ = 

We stress that, while suggestive, the arrows in these two diagrams have no meaning beyond that of 
the dot in (2.1). They are merely decorations intended to remind us that this diagram depicts an 
evaluation or coevaluation, with the direction of the arrow alerting us to the type. In particular, we 
do not mean that there is an oriented line labelled with /, rather, there are three unoriented lines 
adjacent to the vertex, which in the case of coev/ are labelled /, '/ and A#. 
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In Section 7.1 we will explain a richer kind of diagrammatics in which the lines are honestly 
oriented and a label / on a downwards oriented line is understood in terms of the adjoints of /, but 
until then our diagrams have the simpler meaning described above. 

With this notation the defining relations (2.3) and (2.4) translate into the Zorro moves 




f 




(2.7) 



Similarly the evaluation and coevaluation maps (2.6) are written 

: P f P f 

ev/= ^ - ^ , coev /= ^ 

f P f P : 

satisfying the associated Zorro moves 

/ / P P 





(2- 



/ / P P 

Note that in general there is no reason for the left and right adjoints to coincide. 



2.2 Bicategory of Landau-Ginzburg models 

Next we define the bicategory CQk of Landau-Ginzburg models over the base ring k. Recall that k 
is a noetherian Q-algebra, with relevant examples being k = C and k = G[t\, . . . , i^]. 

Objects of CQk are pairs (x, W) where x = (xi, . . . , x n ) is an ordered sequence of variables and 
W G R = k\ potential, by which we mean that the Jacobi ring R/ (d Xl W, . . . , d Xn W) 

is a finitely generated free A;- module and the partial derivatives d Xi W form a regular sequence in 
R. If k = C this means that the Jacobi ring is a finite-dimensional vector space. Typically we will 
write k[x] for k[xi, . . . , x n ]. We will usually leave the chosen variable ordering implicit, and refer to 
objects of CQk as pairs (R, W) or even just a potential W if this will not cause confusion. 

The category CQ^iW, V) is defined in terms of matrix factorisations, which we now recall. Let 
R = k[x\, . . . , x n ]. A linear factorisation ofW^Risa ^2-graded i?-module X = X° © X 1 together 
with an odd i?-linear endomorphism dx such that d\ = W-lx- If X is a free R- module then the pair 
(X, dx) is called a matrix factorisation, and we often refer to it by X without explicitly mentioning 
the differential dx ', given a basis for X we sometimes identify the latter with the associated matrix: 

dx= (4 t)- 

Given two linear factorisations X, Y of W, Hom/j(X, Y) is a Z^-graded complex with differential 

d(if) = dy o ip — (—1)1^1^ o dx ■ 
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A morphism of linear factorisations (A, dx) and (Y, dy) is an even i?-linear map ip : A — > Y such 
that dyip = ipdx- Two morphisms <p,ijj : X — > Y are homotopic if there exists an odd i?-linear 
map A : X — > Y such that dyX + Xdx = i/) — <p. Equality up to homotopy is an equivalence relation. 

Given a linear factorisation X of W the duai factorisation A v = Hom/j(A, R) is a linear fac- 
torisation of —W with dxv(i') = — (— l)'^f o dx- In terms of matrices 

'*> - ( ,1 w «»1 ■ (2-9) 



■«) v 

The (homotopy) category of linear factorisations HF(i?, W) is the category of linear factori- 
sations of W € R modulo homotopy relations. We denote by HMF(i?, W) its full subcategory of 
matrix factorisations, and we write hmf(i?, W) for the full subcategory of finite-rank matrix fac- 
torisations, i. e. the matrix factorisations X whose underlying i?-module is free of finite rank. These 
three categories have standard triangulated structures whose shift functor we denote [1]. 

Since we work with polynomials rather than power series, hmf (R, W) is not necessarily idem- 
potent complete; for an example of this phenomenon we refer to [KMvBll, Example A. 5]. However 
HMF(i?, W) has arbitrary coproducts and is therefore idempotent complete [Nee], and hmf (R, W)^ 
denotes the idempotent closure of hmf (R, W) in this larger triangulated category. More concretely, 
this idempotent closure is the full subcategory of HMF(i?, W) whose objects are those matrix fac- 
torisations Y which are direct summands of finite-rank matrix factorisations (in the homotopy 
category). This is an idempotent complete triangulated category. 

For objects (R = k[x], W) and (S = k[z], V) of CQk we define 

CG k ({R, W), (5, V)) = hmf(i? ® & S, V - W) u = hmf(k[x, z], V - W) u . (2.10) 

The reason for taking idempotent completions is that, as we will see in a moment, when compos- 
ing 1-morphisms the resulting matrix factorisation is not a priori finite-rank, only a summand in 
the homotopy category of something finite-rank. There are two natural ways to resolve this: work 
throughout with power series rings and completed tensor products, or work with idempotent com- 
pletions. The latter seems less technical, and it has the advantage that the formalism also applies 
to graded rings and graded matrix factorisations. 

In CQk we compose 1-morphisms using tensor products. For our purposes it will be sufficient to 
consider matrix factorisations X £ HMF(i?i (g> fc R 2 , W 2 - W\) and Y G HMF(i? 2 ®fc #3, W 3 - W 2 ) 
(where Wi G Ri and of course Ri = k is a possibility for any i). Then the tensor product matrix 
factorisation Y ® R2 X G HMF(i?i R3, W 3 - W\) is the Z 2 -graded module 

y ® R2 x = ((y° ® R2 x°) e (y 1 ® R2 a 1 )) e (jy° ® R2 a 1 ) © (y 1 ® R2 x° 

together with the differential 

dy®x = dy ® 1 + 1 g) dx 

where the second term comes with the usual Koszul signs when applied to elements. Notice that 
even if X, Y are finite-rank over R\ 0k R2 and R 2 ®k R3 respectively, the tensor product Y (g)# 2 A 
is of infinite rank over Ri 0k ^3 whenever R 2 ^ k. We observe however that e. g. by the argument 
of [DMb, Section 12] if A, Y are finite-rank then the tensor product Y ® R2 A is a direct summand 
in the homotopy category of something finite-rank, i. e. we may define 

y o x = y ® R2 x g hmf (fli ® k R 3 , w 3 - w x y = cg k (w h W 3 ) . 

Letting the tensor product act in the obvious way on morphisms this defines a functor 

c WlW2 w 3 :cg k (w u w 2 ) x £.g k (w 2 ,w 3 ) cg k (w 1} w 3 ) , (X,Y)^Y® R2 X. (2.11) 
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There is an obvious natural isomorphism axYZ '■ (X ®Y) <g> Z — > X ® (Y <g) Z) . In the rest of the 
paper we drop the "a" notation for composition and use only tensor products. 

Finally, we discuss the unit 1-morphisms Ayy and the left and right unit actions A, p. Given 
W € R = k\ xi,...,x n ] there is always the unit matrix factorisation Aw £ hmf(i? e ,VF) where 
R e = R <S>k R and W = W I — 1(g) W. Using formal symbols 6>j we define the i? e -module 

with the grading given by ^-degree. Typically we will omit the wedge product and write e. g. 0i A 6j 
simply as 6i9j. To describe the differential d& w we further need the variable-changing map 

*(_) : k [x,x'] — > k[x,x'} , f .— > /| , 

1 i 

in terms of which we can define difference quotient operators 

ti...tj_i t _ ti-.ti t 

% : k[x, x'\ — > k[x, x'], f ^ J - ; J - . (2.12) 

It is easy to check that the satisfy the following kind of Leibniz rule: 
Lemma 2.4. For f,g e k[x,x'} we have d [i} {fg) = + ( tl -* i - 1 /)(%]5)- 

The differential on Aw is then given by 

n n 

d Aw = 6 + + 6„, 8 + =Y / 9[i\W-e i A(-), 6-.=Y,(xi-4)-0t (2.13) 

i=i i=i 

where 6* acts on an element 0^ . . . 0^ of the exterior algebra with Koszul signs. We call Aw the 
unit matrix factorisation as it is the unit with respect to the tensor product of matrix factorisations. 
It is also referred to as the stabilised diagonal [Dycll] or Koszul model of the diagonal since the 
morphism of linear factorisations of W 

ir:A w — >R, (2.14) 

given by the projection Ayy — > R e to 0-degree followed by multiplication R e — > R, is universal 
in the homotopy category of linear factorisations among all morphisms from finite-rank matrix 
factorisations to R. 

We observe that the matrix factorisation (Aw, d/± w ) depends on the chosen ordering of the ring 
variables via the operators in the differential 5+. Another ordering will yield a different, but 
isomorphic, matrix factorisation; we address this point carefully in Appendix D. 

For X G HMF(i?i <g)£ i?2, W2 — W\) there are natural maps 

\ x = 7T® l x : Aw 2 ®r 2 X -4X, px = lx ® 7T : X ® Rl A Wl — )■ X (2.15) 

which are isomorphisms in HMF(i?i 0^ R2, W2 — W\). These morphisms give the left and right unit 
actions in the bicategory of Landau-Ginzburg models. Later in Section 4 we will give a description 
of their explicit homotopy inverses. 
To summarise: 

Definition 2.5. The bicategory of Landau-Ginzburg models CGk consists of the following data: 

— Objects are pairs (R, W) with W 6 R = k[x] a potential. 

— 1- and 2-morphisms are the objects and morphisms of the categories 

CG k ((R, W), (5, V)) = hmi(R ® k S, V - W) w . 
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— The unit 1-morphisms are Aw £ hmf (R°, W). 

— The composition functor is the tensor product (2.11). 

— There are natural 2-isomorphisms a, A, p as above. 

Proposition 2.6 [McN09, LM, CR10]. CQk really is a bicategory, i.e. a,X,p are natural isomor- 
phisms up to homotopy, and they satisfy the coherence axioms for bicategories. 

Remark 2.7. It is often helpful to think of a potential W £ k[x] as "standing in" for the triangulated 
category hmf(fc[x], W)^ , in which case a 1-morphism X : W — > V stands for the functor 

$ x : hmf(fe[x], Wr — > hmi(k[z],Vr , *x(Y) = X ® fc[a)] Y . 

Working in the bicategory CQk therefore amounts to doing algebra with integral functors. To make 
this precise, consider the object I = (k,0) of CQh- Then a 1-morphism I — > W is precisely an 
object of hmf(fc[x], W) 1 ^ and §x is the functor defined by composition with X: 

cg k (i,w) —>cg k (i,v), y^x®y. 

Moreover an adjunction in CQk gives rise in this way to a pair of adjoint functors between categories 
of matrix factorisations. One way to say this is that — ) defines a pseudofunctor from CQk to 

the bicategory of categories, functors and natural transformations, and adjoint pairs are preserved 
by a pseudofunctor; see [Ben67, Section 4] and [Lac]. 

Less tersely, given an adjunction X H X^ and 1-morphisms Y : I — > W and Z : I — > V one 
deduces from the equation satisfied by the evaluation and coevaluation maps a natural isomorphism 

Rom C g k{iy) {X ®Y,Z)^ Hom £gfc(w) (Y,Xt ® Z) 

which makes the integral functor $x left adjoint to $jft- For the details see Appendix C.l. 

Remark 2.8. We do not require our base ring to be a field, and naturally this means that somewhere 
we have to work harder. We wish to pinpoint this so that the reader who only cares about k = C 
knows where to get off the bus. 

The key point comes in (6.18) where we find that the Zorro move holds up to some map H, 
which we consequently want to prove is null-homotopic. The only way we know to do this is to 
use a nondegenerate pairing. If A; is a field, then we may use the Kapustin-Li formula of [KL04, 
HL05, Mura, DMa], but if k is an arbitrary noetherian Q-algebra there is no longer a nondegenerate 
pairing on the triangulated category. Instead we use a "homotopically" nondegenerate pairing on 
the dg-category, which is constructed in Section 11 for this purpose. 

2.3 Bar complex 

For a polynomial ring the standard resolutions of the diagonal are the Koszul and bar resolutions. 
Above we defined the unit 1-morphisms in CQk using a Koszul model for the diagonal, but in the 
study of adjoints it will quickly become necessary to use the bar model for the diagonal as well. 
For this reason we recall in this section the necessary background on noncommutative forms and 
the bar complex from [Lod, CQ95]. We explain how to use the bar complex to construct a second 
model for the diagonal, and construct a map \P which relates the Koszul and bar models. 
Noncommutative n-forms over a fc-algebra R are elements in 

n n R = R®R® n 

where R = R/k and in this section by ® we mean ®k- We denote the projection of ao^ai®. . .<8>a n G 
R ®(n+i) to qu R as ( a0) ai) . . . ; an ). The direct sum 

SIR = n n R 

n>0 
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is a differential graded algebra (£IR, d, •) with multiplication given by 

m 

(dO, • • • , a>m) ' (flm+lj • • • > «m+n) = ^]( — 1)™ *(°0> ■ ■ ■ > Oi-l 3 °i a i+l) a i+2, • • , «m+n) 

i=0 

and differential 

d : (o , . . . , a n ) i — ► (1, a , . . . , a n ) 
where czj € i?. We will write (ao, ai, . . . , a n ) also as aodai . . . da n . 

More generally one can consider relative noncommutative forms: for a subalgebra B C R they 
are elements in QbR = (Dn^o-^-^^ {R/B)® Bn , which has a differential graded structure analogous 
to £IR = Q/-R- We refer to the book [Lod] for further details. 

A central role is played by the (normalised) bar complex 

B = 0B n , B n = Q n R ® R . (2.16) 

It is an (R ® i? op )-module via (a ® a').{aoda\ . . . da n ® a n +i) = aa^dai . . . da n ® a n +ia! . Together 
with the differential d ® 1# (which by standard abuse of notation we usually simply write d) and 
the product induced from f2i? and -R, the bar complex B is a differential graded algebra (B, d, •). 
While d is right i?-linear, we will also make use of the left i?-linear operator s on B defined by 

s(aodai . . . da n ® a n+ i) = (— l) n+1 ao<iai • • • da n da n+ \ . (2-17) 

There is a second differential graded structure on B if the algebra R is commutative. To describe 
it let us first recall that (still for arbitrary R) the bar complex is the standard resolution 

R®R® 2 ®R — R®R®R — R ® R — R ► 

of R, where the degree-lowering differential b' is the i?-bilinear map 

n-i 

(ao, ■ ■ ■ » On) ® «n+l 1 — ► y^(-l) ? ( Q 0) • • • , a i a i+i> • • • , a n) ® a n +i + (-l) n (ao, • • • ,a n _i) ® a n a n+ i . 

i=0 

From this it is straightforward to check that we have the identities 

b'd + db' = 1 B , 6's + sb' = 1 B • (2.18) 
Henceforth we assume that R is commutative. Recall that (m, n)-shuffles are permutations in 
Sh(m, n) = {a € Sm+n | f(l) < f(2) < . . . < cr(m), a(m + 1) < o(m + 2) < . . . < <r(m + n)} . 
We use them to define the i?-bilinear shuffle product x on B as 
(a dai . . . da m ® a m+ i) x (podb\ . . . db n ® b n+ i) 

= ^2 {- 1 )^a b a,(da 1 . . .da m db x . . .db n ) ® a m+1 b n+1 

o-£Sh(m,n) 

where a,{da\ . . . daj) = da a -i^ . . . da a -\(jy One finds that (B, b' , x) is a graded-commutative dif- 
ferential graded algebra. Note that for oj € R®R = Bo it follows immediately that lux (— ) = u> • (— ). 

We now return to the fc-algebra R = k[x\, . . . , x n ]. Earlier we set W = W 1 — 1 ®W £ R e for 
a potential W E R, in terms of which we now define the bar complex endomorphism 

d B = b' + dW x (-) . 
Lemma 2.9. (B, d&) is a linear factorisation ofWeR . 
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Proof. The bar complex B = B° © B 1 is Z^-graded with B* = @ ng2 iN+i ®n • Since 6' and x are 
both i?-bilinear, cZb is indeed i? e -linear. Furthermore, we have 6' 2 = and dW x eZVK = (dW <g> 1) x 
{dW <g> 1) = eWcW <g> 1 - dWdW <g> 1 = 0, so that for w € B we find 

4(w) = b'(dW xu) + dW x b'{uj) 

= b'{dW) xuo-dW x b'{u) + dW x 

= W x u 

= W -u 

where in the second last step we used (2.18) together with b'(W) = 0. □ 

If we use 7r also to denote the projection B — > Bo = R c composed with multiplication R e — > R, 
then 7r ® lx : B (g) X — > X and lx <8> vr : X <S> B — > X give left and right actions of B as in (2.15). 
These maps have homotopy inverses too and we will construct them in Section 4. For the moment 
we take the fact that B is another model for the unit action on matrix factorisations as motivation 
to discuss its relation to the Koszul matrix factorisation Aw. 

Before we do this on the level of linear factorisations we consider the case of Z-graded complexes. 
We write A = A(©r=i an d observe that (A,<5_) is the ordinary Koszul complex, see (2.13). 

There are two 72 e -linear maps between B and A which will be important to us: 

<D : A — > B , h . . . 9 ip ^ (- 1 ) l<7 '^V(i) • • • ® 1 , ( 2 - 19 ) 

p 

* : IB — > A , dh...df p ®l^ (H d li k ]fk)0h---0i P - (2-20) 

l<ii<...<i p ^n fc=l 

The map ^ was studied in [SW11], we only rephrase the presentation in terms of the difference 
quotient operators <9u suitable for our setting. One easily verifies that = 1a- 

Lemma 2.10. Both <E> and \P are maps of differential graded algebras between (A,<5_,A) and 
(B,6',x). 

Proof. We refer to [SW11] for the case of <!>; since our expression for is not manifestly the same 
as in loc. cit. we spell out the proof. Let us first show that \P is compatible with the differentials. 
On the one hand we compute (5-^)(dfi . . . df p <8> 1) to be 

E (d [tl] h)...(d [tp] f P )e tl ...9. lp ) 

i\<...<i p 

= Y, (%]/i)---(% ] / P )-K-<)^(- 1 ) fe+1 ^---C---^ 

U<...<ij, k=l 

= E(-i) fc+1 E • • • (* 1 "' <lfc - 1 fk - ll " Mk /*)••■ K-K-K 

k=l i\<...<i p 

= E (A - ' 1 -* I2 - 1 /i)(% 2] / 2 ) . . . (d [ip] f p ) e l2 ... e lp 
p-1 

+ E(- X ) fc+1 E • • • C* 1 ""^- 1 /* - • • • (d [ip] f P ) (>,.. .<);>...»,, 

k=2 i\<...<i p 

+ {-If + 1 ^ (%]/!) . . . (% p _ l] / p -l)( tl - t< ^/p " * 1 -*"/ P )^ 1 • • • 0i p _i 

ti<...<ip_l<n— 1 
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= E h(d [l2] f2)...(d [ip] f P )e t2 ...e tp 

2^t 2 <...<ip 

+ E • • • (0fe-i]/p-i) 4l - tn /^n • • • ( 2 ' 21 ) 

ii<...<i p _i<n— 1 

while on the other hand (^b')(df\ . . . df p ® 1) equals 

p-i 

*(/id/ 2 . . . # P ® 1 + E)(-l)*#i • • • d {hfk + x) ■ ■ ■ df P ® 1 + (-Wi . . . d/ p _i /„) 
fe=i 

= E /l(%i]/2) • • • #n • • • 

ii<...<ip-i 
p-1 

+ E(- X ) fc E • • • (%] (/fcA+l)) • • • • • • 

fc=l ii<...<i p _i 

+ (-If E • • • '^"H <V • • V: 

ii<...<i p _i 

E /l(%]/2)-(%-i]/ P )^r-Vi 
2sgii<...<ip-i 

+ E /i(%]/2)(%]/ 3 ) • • • (^j/,) ^ . . . 9^ 
2<i2...<i p -i 
p-1 

+E(- X ) fc E (% 1 ]/i)---{( ti -^- i / fe )(% fc] / fe+ i) 

fc=l ii<...<j p -i 

+ (d [ik] f k )C^ k f k+1 )} . . . (d^u) e n ... e ip _, 

+ ("If E • • • (iilW ^'"H ^ • • • Vi 

ii<...<ij,-i<n— 1 

+ E • • • (^-il/p-l) * 1 " ,tn /p n • • • Vi 

ii<...<ip_2^ri— 1 

E /i(%]/2)---(% P -i]/p)0ii--A-i 

2sgii<...<i p -i 

ii<...<ip_i<n— 1 
which agrees with (2.21). 

To establish compatibility with the products we compute 

*(4fi . . . 4f p ® 1) A *(df p+ i . . . df p+q ® 1) 

={ e (n fl t^K-M A { e ( n ^/*)° 

2p+l * * * ^ip+q \ 

ii<...<i p k=l ip+i<...<i p + 9 fe=p+l 

P+<1 

= e e fn%]/' 



k)Vh--- %+q 

ii<...<ip ip+i < ■ • . <ip-|-q fc=l 

E E (-^'(II^MfcW*! 

ii<...<i p+9 <rGSh(p,g) fc=l 

* ((d/i ...d/ p ®l)x (4fp + i . . . d/ p+9 ® 1)) 
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where in the third step the anti-commutativity of the 0j allowed us to sum over the longer sequences 
i\ < ... < ip+q by introducing an additional sum over shuffles. □ 

We will also need the following identity. 
Lemma 2.11. Let uj e Q n R and f G R be given. Then <&(u ■ (f <g> 1)) = ■ (1 <g> /). 
Proof. We may assume that oj is of the form da\ . . . da n for some cij € R. Then 

n 

= *f ^(-l) n-i dai . . . dai_id(a i a i+ i)da i+2 • • • da n d/ + (-l) n Ma 2 . . . da n df 



i=l 

n 



y~l(-l) n i( 9[i] a i • • • 9[i-i]<H-id[i]((H>H+i)d[i+i]>H+2 ■ ■ ■ d[ n -i]a n d[ n ]f 

i=l 

+ {-l) n aid^a 2 . . . d[n-lpn«9[n]/ 

n 

^(-l) ft-i a [1] ai . . . d [l _ 1] a i ^ 1 (d [l] a l tl - u a i+1 + fc-**- 1 0^0*4.1 



i=i 

■ %+i]°i+2 • • • 9[ n _i]a n 3[„]/ + (-l) n ai9[!]a 2 . . . <9[ n -ipn<9[ n ]/ 
= 9[ 1 ]Oi...9[ n ]O re (l(8)/) 
= ¥(w)(l®/), 

where we used Lemma 2.4 in the third step. □ 

Using the ordering of the ring variables to order the 0's, we obtain an i? e -linear map 

e : A — > R c [n] , 9 X . . . 9 n i— ► 1 (2.22) 

that is non-zero only on elements in top 0-degree. In our constructions $ appears as part of the 
Hochschild cocycle e^f : B — > R e [n] which is a free generator of H n (R, R e ). We note in passing 
that this class can be viewed as the product in Hochschild cohomology of 1-cocycles arising from 
divided difference operators. 

Now we come back to consider any W £ R. The map continues to be a good map on the level 
of linear factorisations: 

Lemma 2.12. ^ : (B,d B ) — ► (Aw,dA w ) is a morphism in EF(R e , W). 

Proof. We need to show d/\ w ^ = 'Mb- But since d& w = 5 + + 5- and g?b = b' + dW x (— ) by 
Lemma (2.10) what remains to be checked is 5+^ = *$>(dW x (— )). This can be done: 

n 

6+V = [Yl d W W ' 9 *) A *(~) = ®( dW ® ^ A *H = ^(^W x (-)) . (2.23) 

i=l 

□ 

Although (B, c?b) depends only on the pair (i?, W), the matrix factorisation (Aw, d\ w ) depends 
in addition on the ordering of the ring variables. The compatibility of <5+ and ^ in (2.23) depends 
on the fact that Aw and are defined using the same ordering. 

2.4 Residues 

Residues feature prominently in the Kapustin-Li pairing and the evaluation maps, so we briefly 
recall their definition and basic property; see [Lip84, Lip87] for more details. 
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Given a regular sequence (fi, ■ ■ ■ , f n ) in k[x, y] the residue is the k[y] -linear map that sends a 
polynomial g £ k[x,y] to the expression 



Res 



k[x,y]/k[y] 



gdx 



€ k[y] 



. fl > • • • j fn . 

where dx = dxi . . . dx n . In practice the residue is computed by the transformation rule 



Res 



k[x,y]/k[y] 



gdx 



fl > ■ ■ ■ j fn 



Res 



k[x,y]/k[y] 



det(C)gdx 



J 1) • • • > Jn 



3=1 



3 ' 



Cy G fc[ar, 2/] , 



together with the defining property ResHa^i/M^i [dx/ (x" 1 , . . . ,x n n )\ = £ ai ,i • • • &a„,i- Note that the 
order of the elements of the regular sequence in the denominator plays a role; changing that order 
produces a permutation sign. There are various intrinsic ways of defining residues which make sense 
in very general contexts, not just for polynomials, using e.g. Hochschild homology [Lip87]. 

In the next result we use the divided difference operators of (2.12). 

Proposition 2.13. Given a regular sequence (/i, . . . , /„) in k[x] the determinant 5 = det((d^ fj)ij) 
in k[x, x'} has the property that for any g G k[x] 



Tte&k[x,a/\/k[x> 

as an element of the algebra k[x']/(fi(x'), . . . 



g5 dx 

fl ) • • • j fn 
,fn(x')). 



g(x 



(2.24) 



Proof. As far as we know the first proof for k a field is contained in [P V] , and the proof given there 
generalises to the present setting. A related result appears in the appendix to a paper of Mazur and 
Roberts, who attribute the argument to Tate [MR70, Theorem A. 3]. They show that there is an 
isomorphism of /c[x]-modules between J = k[x]/(f\, . . . , f n ) and Homfc(J, k) sending the identity to 
a functional which has a property analogous to (2.24). 

If one knew a priori that this functional was the residue map, this would prove (2.24), but we 
do not know a reference for this fact. In any case, a proof will appear in the forthcoming [Murb], 
which in particular proves (2.24) for any noetherian Q-algebra k. □ 



2.5 Perturbation 

A crucial role will be played by the homological perturbation lemma, which we will use to promote 
homotopy equivalences of complexes (arising from the bar and Koszul resolutions of the diagonal) 
to homotopy equivalences of associated matrix factorisations. More importantly, the perturbation 
lemma will provide explicit homotopy inverses in terms of Atiyah classes. 

Let R be a ring and W € R. An i?-linear deformation retract datum is a diagram 

{X,d x y_ " : (Y,d Y )^)h (2.25) 

(T 

in which (X, dx) and (Y,dy) are linear factorisations of W, 7r,o~ are morphisms of linear factorisa- 
tions and h : Y — > Y is a degree one i?-linear map such that 

TTCT = 1 , 0~7T = 1 + dyh + hdy . 

A degree one morphism 5 : Y — > Y is a small perturbation of the deformation retract datum if 
ly — 5h is an isomorphism of i?-modules. In this case we define 

r = (1 -dh)-^ 
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and consider the new "perturbed" diagram 

71" oo 

(X, dx.^) < : (Y, d Y +5)^) (2.26) 

Coo 

where 

Coo = cr + hra , hoc = h + /ir/i , 

PROPOSITION 2.14. Suppose that ha = 0, irh = and /i 2 = 0. If 5 is a smaiJ perturbation of (2.25) 
such that (dy + 5) 2 = W ■ l M for some W £ R then (2.26) is a deformation retract datum of linear 
factorisations of W' over R. 

Proof. This follows straightforwardly from the standard results in [Cra]. □ 
In the cases of interest to us the sum ^ m ^o(ift) m converges, so that r = ^2 rn ^o(b~h) m 5 and 

Uoo = a + HSh) m 6a = {h5) m a . 

2.6 Canonical morphisms 

In this section R is a ring and X and Y denote linear factorisations of W and V over R, respectively. 
There is a natural morphism of linear factorisations of V — W, 

£:X V ® R Y ^Rom R (X,Y), £(v ® y)(x) = (-l)'"""^^) • y , (2.27) 

which is an isomorphism if X is a finitely generated projective i?-module. 
There is a natural isomorphism of linear factorisations of W + V, 

sw&p:X® R Y — >Y® R X, x®j/i — > (-l)\ x Wv\y ® x . (2.28) 

Precomposing £ with this swap isomorphism we have a canonical morphism 

Y® R X V — >Rom R (X,Y), y®vi — > {x i — ► • y} . (2.29) 

Since it is unlikely to cause confusion, we also denote this map by £. 
There are natural isomorphisms of linear factorisations of W + V, 

X[i]® R Y — > (X® R Y)[i] , x®y\ — >x®y, (2.30) 

X® R Y\i] — >■ (X® R Y)[i\, x®y^(-lf x \x®y. (2.31) 



3. Atiyah classes 

As mentioned in the Introduction, the structure of the bicategory CQk can be understood in terms of 
associative Atiyah classes. In this section we develop the basic theory of these operators, beginning 
with the simplest definition (which involves a choice of basis) and then afterwards developing the 
more abstract general theory in the setting of noncommutative form-valued connections. For this 
paper the simpler definition is sufficient, since we will only use the Atiyah class to construct explicit 
chain level representatives of morphisms which we already know to be well-defined up to homotopy, 
and in this situation it is natural to make some auxiliary choices. In any case, we develop the general 
theory in order to have a more solid foundation for the subject of associative Atiyah classes. 

Let k be a ring, R a /c-algebra, and set R e = R\ (3k Ri where Ri = R for i E {1, 2}. We define 
the operators s, d on the bar complex B as in Section 2.3 and recall that B is equipped with an R e - 
bimodule structure by left and right multiplication. Let (X, D) be a pair consisting of a Z^-graded 
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free i? e -module X and an odd i? e -linear operator D on X (for the moment we do not require any 
condition on D 2 ). By default ® means ® R c in this section. 

Given a homogeneous basis {ei}i for X we can extend d and s to operators 

d:X(g>B — >X®B, d(ei<g)u>) = (-l) le ' l ei(g)duj , (3.1) 

s:X(g>B — >X®B, s(e i (g}uj) = (-l)^e i ®su. (3.2) 

So for example d{aei ®uj) = (— l)' e4 'ej <g> d(au) for a € Ff. 

Definition 3.1. The associative Atiyah classes of (X, D) are operators on X (g) B defined by 

At 2 (A) = [d,D] =dD + Dd, 

Ati(X) = [s,F>] =sD + Ds. 
Here we use the notation of graded commutators: for homogeneous operators -F, G, 

[F, G] = FG - {-1)\ F W G \GF . 

One checks that for u € B 

At 2 (X)(ei ® w) = ^(-l) |e ^ ej (8) d(Dji)u , (3.3) 
i 

and more generally for 1^1, 

At 2 (X) l (e i ®u) = (-l) l ^ + ( l+ 2 1 ) £ e il ®dp iiil _ 1 )...d(Z) iM - 1 )d(I> J - li )a;. (3.4) 

There are similar formulas for Ati, see Remark 3.4 below. Without conditions on D 2 there is no 
interpretation of Ati and At 2 as cohomology classes, so we should perhaps refer to Atiyah operators, 
but we persist with the above terminology. To discuss the linearity we need to be clear that X ® B 
is made into a right i? c -module via the right action of R° on B by multiplication. It is then apparent 
from (3.3) that At 2 (A) is right F e -linear. The subscripts on the Atiyah classes arise because we 
think of d (resp. s) as differentiating in the -Redirections (resp. ^-directions). 

We call these associative Atiyah classes to distinguish them from the more standard Atiyah 
classes defined using commutative differential forms, see [11172, BF03, Mar, BF08, HuylO, RW10]. 
Since the latter do not appear in this paper except in Section 11, which is self-contained, we will 
usually omit the qualifier "associative" . 

Remark 3.2. Suppose that S is a A:-algebra and X a Z 2 -graded free (S(8'/ c -R e )-module with (S®kR e )- 
linear odd operator D. If we choose a homogeneous (5(S>fci2 e )-basis for X and extend d, s to 5-linear 
operators on X ® B via (3.1), (3.2) then At 2 (X) = [d,D] and Ati(X) = [s,D] define operators on 
X (g> B, and all our remarks apply equally well to this kind of Atiyah class. 

Similarly if instead A is a Z 2 -graded free (S <S>fc i?)-module with (S (g>fc i?)-linear odd operator 
D and we choose a homogeneous basis for X and extend d, s to S-linear operators on X B then 
At 2 (A) = [d, D] and Ati(X) = [s, D] are operators on X ® R B = (X ® R R c ) B which agree with 
the Atiyah classes of the (S <g>k -R e )-module X <S>r R e - 

There are two more variants of the Atiyah class that differ from the above only in the way in 
which we order the noncommutative differential forms. We can extend s, d to operators on B <g> X 
(using the right i? c -multiplication on B to form the tensor product) as above, but now without 
Koszul signs, and define operators on this tensor product by lAt 2 (A) = [d, D] and lAti(A) = [s, D\. 
The difference from the other Atiyah classes appears when we exponentiate: 

\At 2 {X) l {oo ®ei)= ojd(D ni )d(D j2jl ) . . . diPfo^) <8> e h . (3.5) 
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From this it is clear that lAt2 is left i? e -linear, using the action of left multiplication on B ® X. 

In addition to these four distinct kinds of Atiyah classes, we will sometimes need purely cosmetic 
variants where we switch the order of elements of X and B in the tensors. This creates an awkward 
situation with the notation, since we want elements of R e traversing the tensor product to act on 
the same side of B as before. To indicate this is we use the map 

7 : R c ® k R c — ► R c ® fc R e , 7(0 ® a') = aa' ® 1 (3.6) 

so that in 7* (B) ® X we have ui ® ax = aa; ® x. If we understand d and s to be extended to operators 

<— 

on 7*(B) ® X as before, then we define operators on this tensor product by At2(X) = [d,D] and 

<— 

Ati(A) = [s,D]. There is for u G {1,2} a commutative diagram 



X ® B = ► 7 *(B) ® X 



At u (X) 



At u (X) 



X ® B ► 7 ,(B) ® A 

in which the rows are graded twist maps (with Koszul signs). For example, 

At 2 (A)< (u; ® ei) = (-lj'M+G) £ d{D nn ^) . . . d{D nn )d{D ni )u ® e n . (3.7) 

Remark 3.3. Consider the pair (A[l], —D), with the same homogeneous basis as X. Then At n (A) 
and At M (A[l]) define the same operator on the underlying module X ® B for u G {1,2}. On the 

other hand, as operators on 7*(B) ® X we have At u (A[l]) = — At n (A). 

Remark 3.4. We will need an explicit formula for Ati only for noncommutative forms ui' G B of 
the type (J = a^da\ . . . da n ® 1. In this case, writing Dji = dQ' ® Djf G i? c , we have 

At!(A)(e 4 ® J) = ^(-l)l^'l+l-'l+i ej g, dWo/^W) . (3.8) 
j 

The additional sign compared to (3.3) comes from the sign in the definition (2.17) of the operator s. 
More generally for 1^1, 

A tl (Xy (e, ® J) = Y, e n ® D« . . . D^'d(D^) . . . d(D^J . (3.9) 

h,— Ji 

We will also need 

Ati(X)V® *) = (-!)' £ I?j^..^yci(JDgJ)...d(Dg I _ 1 )(8»e il . (3.10) 

With the above notation, let (X,dx) and (Y,dy) be Z^-graded free i? e -modules equipped with 
odd i? e -linear differentials (again, no condition on d\ or d Y ) and respective homogeneous bases 
{ei}i and {fj}j- Giving X ® y the differential dx®y = ® 1 + 1 ® dy and the basis {e« ® fj}i,j 
we have for u G {1,2} three operators 

At u (A) G End fc (A®B), 

At„(y) GEnd fc ( 7 ,(B)®y), 
At u (A ® Y) G End fc (A ® F ® B) . 

An important property of the commutative Atiyah class is that the class of X ® Y can be expressed 
in terms of the classes of X and Y. The analogue for associative Atiyah classes involves the shuffle 
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product, which we make into an i? e -linear operation 

X ® 7 *(E) ® 7 *(B) ® F 10x01 > X ® 7 *(B) ® F > X ® F ® E (3.11) 

where the last map is the graded twist on the second two components. 

Lemma 3.5. For I ^ and u G {1, 2} we have 

At u (X ® Y)\ ei ® fj) = ^ At u (AT( ei ) x At u (Y) q (fj) (3.12) 

P+<3=« 

where on the right-hand side we use the operation (3.11). 
Proof. We have 

At 2 (X ® y)(ei ® /,) = ^(-l)l e nl+l^l eil ® ® + ^(-l) l/jll ei ® ® dfej) ■ 

»i ii 

Iterating, we see that At 2 (X ® y)'(ej ® fj) is a sum over all indices of terms 

e k- P ® Zip ® ■ ■ ■ i d( d x,ni), ^yjpip-i). • • • > d(dY tjlj )) (3.13) 
> , ' » » ' 

l-p v 

where a is an (I — p,p) shuffle and the sign that is attached to such a term is (— l) q where 
Q = K_ p \ + ■■■ + 1^ | + \f jp \ + ... + \f h \ + (l~p)\fj p \ + \o-\ . 

But considering (3.4) it is straightforward to check that the right-hand side of (3.12) is a sum over 
the same collection of terms, and the signs match, so that (3.12) holds for u = 2. The situation for 
Ati is similar. □ 

3.1 Connections 

It is better to construct the Atiyah class from a choice of connection rather than a choice of basis, 
and such is the purpose of this section. However as we have already explained, these remarks will 
not be needed in the sequel and are included only for the sake of completeness. For this reason we 
restrict ourselves to a discussion of only one of the many "types" of Atiyah class presented above. 

Let R be a ring, A an i?-algebra and fL4 = £IrA the differential graded algebra (fL4, d, ■) of 
noncommutative differential forms explained in Section 2.3. An i?-linear connection on a Z2-graded 
^4-module X is an i?-linear map 

V : X — ► X® A 9} A, 
which sends X % into X 1 ®^ ^A and satisfies the graded Leibniz rule 

V(xa) = V(x)a + (-l) |x| xda 

for x G X, a G A. A connection extends uniquely to a degree one .R-linear operator on X ®^ QA, 
still denoted V, with the property that for homogeneous £ G X 0a and u) G fL4 

V(£w) = V{i)u + {-l)^idu. 

Notice left and right multiplication make fL4 into an ^4-bimodule, and so X ®^rL4 is an ^4-bimodule. 
Using the Leibniz rule it is easy to check that for any odd ^4-linear operator D on X the operator 
[V, D] on X ®a is right A-linear, and we call this the Atiyah class of the pair (X, D). 

If D 2 = W ■ lx for some W G R then [V, D] is a closed map, i. e. it gives a cohomology class in 
Hom^(A", X ®i? J7 1 i?). By a standard argument this cohomology class is independent of the choice 
of connection on X. 
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Remark 3.6. To relate this to the earlier construction let k be a ring, R a A;-algebra and set A = R e 
in the above. Then as dg-algebras the bar complex of R over k is 

B = OR ® k R = n R2 (Ri ® k R 2 ) = n R2 (R c ) . 

For the canonical isomorphism between the second and third dg-algebras see [CQ95]. If X is a free 
i? e -module with basis {ej}j then the operator 

d : X — >I® fi oBi^I ® R e n R2 R e 

of (3.1) is an i?2-linear connection, and so the definition just given of the Atiyah class is a general- 
isation of Definition 3.1. 

We will also need to know that the Atiyah class is natural, up to homotopy. Let X and X' be 
Z^-graded A-modules equipped with odd A-linear operators which for convenience we denote by D 
in both cases, and suppose X and X' admit i?-linear connections, both of which we denote V. 

Lemma 3.7. Given an A-linear homogeneous map (p : X — > X' consider the diagram 



X 1 >X> 



■A 



[V,D] 



x (gi A n x A > x' ® A n 1 a 

where g = [ip, V]. This is a right A-linear map, and 

[ip, \y,D]] = (-l)M[D,[<p,V]]-[V,[D,<p]]- 
Proof. Follows from the graded Jacobi identity for commutators. □ 

In particular if (X, D) and (X',D) are linear factorisations of some W € k, so that [V, D] is a 
closed map in both cases, then for any morphism <p of linear factorisations we see that there is a 
right A-linear homotopy g between / o [V, D] and [V, D] o f. 

The Atiyah class can be viewed as a component of the curvature of a superconnection [Qui85]. 

Remark 3.8. A superconnection © on a Z^-graded A-module X is an i?-linear degree one operator 
on X §§a QA satisfying the graded Leibniz rule 

e(&j) = 9(£)w + (-l)Klfdw 

for all homogeneous £ G X <S>a QA and oj € VtA. If V is a connection on X then we extend V to 
an operator on X ®a and it is easily checked that for any odd yl-linear operator Donl the 
operator 

e = v + d 

is a superconnection. The curvature of this superconnection is 

6 2 = V 2 + £> 2 + [V,D]. 

In this paper our connections V are flat, i. e. V 2 = 0, and so if (A", D) is a complex the curvature @ 2 
is precisely the Atiyah class [V,Z?]. 

4. Perturbation and inverting unit actions 

The fundamental technical results in this paper are constructions, using the perturbation lemma, of 
explicit homotopy inverses to morphisms involving the stabilised diagonal. Generically the results are 
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geometric series in the associative Atiyah classes of the previous section. To give a specific example, 
recall that in defining the bicategory CQt we have specified for any 1-morphism X € CQk(W, V) a 
pair of natural isomorphisms 

X:A V ®X^X, p:X®A w ^X (4.1) 

called the unit actions, see (2.15). Representing chain maps for the inverses of these morphisms are 
necessary for computing with diagrams in CQk, and in particular are needed for proving the Zorro 
moves in Section 6, but finding such representatives is nontrivial. 

Instead of inverting A and p directly, which is difficult, we proceed by identifying p as the shadow 
of a similar canonical map p' on the bar model for the diagonal via a commutative diagram 




where ^ is the canonical map given in (2.20). Roughly speaking the inverse of p' is the geometric 
series in powers of the Atiyah class of X and by postcomposing with \& we obtain the desired inverse 
to p. A similar argument works for inverting A. A completion of X<g>B is used in order to guarantee 
that the geometric series converges. We return to this example in Section 4.1 below. 

Another important example is the following: given an object (k[x], W) € CQ^ and a 1-morphism 
X € CQk(W,W) consider the problem of lifting a k[x] -bilinear morphism of linear factorisations 
X — > k[x] to a morphism X — > Aw along the stabilisation map 7ta : A\y — > k[x], 



X A 




k[x) . 



The solution to this lifting problem is given in Section 4.2, and will be used to give an explicit 
formula for the evaluation maps in Section 5. 

In order to address these examples and others at the same time, we work in the following general 
setting: k is a ring, R, S are /c-algebras and R e = R\ ®k R2 where R4 = R for i G {1, 2}. We assume 
that a matrix factorisation 

X 6 HMF(S <g> fc R c , U) (4.3) 

is given with homogeneous basis {ej}j as an {S (g>fc i? e )-module. Let D denote the differential on X 
and unless specified otherwise in this section <g> denotes the tensor product 0^ . Consider the module 

X®B :=Y[X 

with the Z2-grading 



(X§B) ! 




i+1 ® B 2m 



It is sometimes helpful to view X ® B as the inverse limit of the system 

> X (g> B/B^a — >I0 B/B^i 

where B^/ = Bj C B and the maps are the obvious quotients B/B^; + i — > B/B^. Since B 
is an i? e -bimodule via left and right multiplication there are natural left and right i? e -actions on 
X<8>B. Since the left and right actions of R2 on B agree, this amounts to an ^-action on J®B 
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together with the structure of an i?i-bimodule. There is of course an S'-module structure as well, 
which is preserved by all maps and which we will henceforth not emphasise. 

Let W G R be arbitrary and set W = W ® 1 W G R c . Our first observation is that X ® B 
can be equipped as a linear factorisation of U + W. One checks that there are well-defined operators 
on X ® B given by 

D(x , x 1 ,...) = (D(x ), D(xi), ...) , 
b'(x , xx,...) = (b'(x 1 ),b / (x 2 ), ...), 
d(x , x 1 ,...) = (0, d(x ),d(xi), ...), 
s(x , xi, . . .) = (0, s(x ), s(xi), . . .) , 
dW x (x , xi, . . .) = (0, dW x x , dW x x±, . . .) 
where d and s are extended to X ® B as in Section 3 using the chosen basis. 
Lemma 4.1. (X (g)B,dx + b' + dW x (— )) is a linear factorisation ofU + W. 

Proof. This can be checked on the inverse system, where it follows from Lemma 2.9. □ 
There is a morphism of linear factorisations 

n : X®B = ]JX ®B| — >X®B — > X ® R (4.4) 

where the first map is the projection and the second is the product R° — > R. Next we show using 
the perturbation lemma that this map is a homotopy equivalence, and we give an explicit homotopy 
inverse in terms of Atiyah classes. In fact we give two homotopy inverses, one which is i?2-h n ear and 
the other left i?i-linear. We begin with the deformation retract arising from the fact that s and d 
are contracting homotopies for the differential b'. 

Remark 4.2. The reader should keep in mind the special case where S = k[z], R = k[x] and X is 
the extension of scalars from S <8>fc R to S 0fc R e of a matrix factorisation X' of V — W over k[x, z], 
with V G k[z],W G k[x]. Then it is a morphism X' §)r B — > X' of linear factorisations of V — W. 

All deformation retract data in the following are at least S'-linear. 
Lemma 4.3. There are deformation retract data of 'Z2-graded complexes 

(x r, o) ( : ; (x § b, b') Q -d 

and 

(X R, 0) ( I (X § B, b') Q 

where 

o"2(ej a) = ej (1 a) , o\(e.i ® a) = ej <g> (a (g) 1) . 
Moreover, in (4.5) every map is R2-linear and in (4.6) every map is left R\-linear 

Proof. The required identities b'd + db' = 1 — <t7t and 6's + s6' = 1 — cr-7r are given in (2.18). □ 

Lemma 4.4. The perturbation 5 = D + dVK x (— ) is small on X ® B with respect to both of the 
above deformation retract data. That is, both 1 + 5d and 1 + 5s are invertible. 

Proof. Let h be — d or —s. Because we are working with Il;>o ^ ® ®i ^ ^ s c l ear that the sum 
X^>o(^)' converges as an operator on X ® B and this gives the desired inverse to 1 — <5/t. □ 
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In the notation of Section 3 we can now describe the homotopy inverses of tt using Atiyah classes. 
Note that X is a free {S ®k i? e )-module so we are using the convention of Remark 3.2. 

Proposition 4.5. The morphism tt is an R 2 -lineax homotopy equivalence with inverse 

°°° = ^(-l) m At 2 pO"V 2 . 

More precisely, there is an R 2 -Hnear deformation retract datum 

(X ® R, D ® 1) ; I j (X®B,D + V + dW x (-)) . (4.8) 

Coo 

Proof. It follows from the perturbation lemma (Proposition 2.14) with Lemmas 4.3 and 4.4 that 

TToo 

(X ®R,b 00 ) t A X®B,D + b' + dW x (-)) 

Too 

is a deformation retract datum, where r = J2 m ^o(~ l) m (5d)5 

O"oo = '^2(-l) m (d5) m a 2 , VTqo = TT + 7TT/l , b 00 = 7TTa 2 . 

Clearly 7r<5 = 7T-D and tt vanishes on 5d, so ttt = ttD. It follows that b^ = D<S>1 and tt^ = n — TrDd = 
tt. So there is a deformation retract datum (4.8), where we may use d 2 = and da 2 = to write 

a^ = Y,(-^ m [d,S] m a 2 = Y,(-^ m [d,D + dWx(-)] m a 2 . 

m^O m^O 

Expanding this yields ^2 m> Q(—l) m [d, D] m o~ 2 plus terms involving factors of the form 

[d,dW X (-)}[d,D] i a 2 . (4.9) 

Applying [d, D\o 2 to an element of X <g> i? produces a tensor whose form component is of the type 
dao ■ ■ ■ da n <S> a n +i- By Lemma 4.6 below [c£, cZW x (— )] vanishes on such a tensor, so all terms of the 
form (4.9) vanish and is as given in the statement of the proposition. □ 

Lemma 4.6. On B we have [d,dW x (-)] = dW ■ d(-) and [s,dW x (-)] = s(-) • dW. 
Proof. With a = d(W <g> 1 — 1 <8> W) = dW <g> 1 and oj = a^dai . . . da n ® a n+ \ we have 
a x uj = a^dWdai . . . da n <g> a n+ \ — aodaidWda 2 . . . da n <g> a n+ \ 
+ . . . + (— l) n aodai . . . da n dW ® a n+ \ . 

On the other hand 

a x du = dWdaodai . . . da n <g> a n+ \ — da^dWdai . . . da n ® a n+ \ 

+ . . . + (-l) n+1 da dai . . . da n dW ® a n+ \ , 

from which it is clear that d(a x u) + a x duj = a ■ duj. The second statement follows by a similar 
calculation. □ 

Proposition 4.7. The morphism tt is a left R\-linear homotopy equivalence with inverse 

More precisely, there is a left R\-linear deformation retract datum 

(X®R,D®1) { I (X § B, D + b' + dW x (-)) . 



O"oo 
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Proof. Using the second equation of Lemma 4.6 the proof is almost identical to that of Proposition 
4.5, so we omit it. □ 

Now we turn to the Koszul stabilisation of the diagonal. Assume that R = k[x\, . . . , x n ] and let 
(A, d/\) be the finite-rank matrix factorisation of W given in Section 2.2 where g?a = <5+ + We 
continue to assume that A is a matrix factorisation as given in (4.3), and we emphasise that W is 
arbitrary, not necessarily a potential. 

With 7ta : A — > R the stabilisation morphism of (2.14) there is a morphism 

vr A = 1 <S> vr A : A <g> A — >X®R. (4.10) 
This is compatible with the map ir of (4.4) in the sense that there is a commutative diagram 




A® R 

in which the horizontal map is the morphism of linear factorisations 

1 g> ¥ : A § B = Ui >0 A <g> B, » © ^ n A <g> B; A ® A 

in which the first map is the projection. 

Lemma 4.8. 7r A is an R2-linear homotopy equivalence and a left Ri-linear homotopy equivalence. 

Proof. With Aj = A J (©[Li there is a split exact sequence 

6- 6- 

► A n > > A ► R > 

and the splittings provide the i?2-hnear (resp. left i?i-linear) a : R — > A and homotopy h making 



(A R, 0) ; ; (A (8) A, 1 <8) 5_) Q -ft 



into an i?2-hnear deformation retract datum (resp. left i?i-linear). Moreover 5 = D 1 + 1 ® 5 + is 
a small perturbation and the perturbation lemma shows that 7ta is a homotopy equivalence. □ 

Corollary 4.9. An R^-linear homotopy inverse to 7ta is given by 

^^(-l^At^A)^, (4.11) 

while an R\-linear homotopy inverse is given by 

Trr^YV-lj'tfAtipOV (4.12) 



l>0 



where o\,o% are as in (4.7). 



4.1 Inverses of unit actions 

Let us now return to the problem of inverting the unit actions A and p, using the setting of Re- 
mark 4.2, so that R = k[x], S = k[z], A is a matrix factorisation over S <8>fc R of V — W and we 
take A' = A <E)r R c as the relevant matrix factorisation in the above. In this case 7ta is precisely 
the right unit action p : X ®r A^y — > X. 

The relevant S'-.R-bimodule structure on A ®r Ay/ is the one coming from the action of S on A 
and the right action of R on Ajy (which we have called R2 above) and with respect to this bimodule 
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structure the homotopy inverse of p is given by (4.11), that is 

p- 1 = ^(-l)^At 2 (X) i cj 2 . (4.13) 

Here At 2 (X) denotes the operator [d, dx] on Xigj^B with d being extended to Ar<g>^B using a fixed 
homogeneous S <S>fc ii-basis {ei}i for X as explained in Remark 3.2. The summands in this formula 
are composites of S-^-bilinear maps 

ao At 2 (xy * 

X ► X ® R R c —— -> I®fiIB ► X <g> R Avk 

where <7 2 (ej) = e« (8) (1 ® 1). Often (4.13) is the most useful presentation of p~ l , but note that using 
the formulas (3.4) and (2.20) we can also be very concrete: 

p~ l &) = E E E(- 1 ) w|eile ^ ® {%i(^) • • • w*)}* •••*<«• 

/>0 ii<— <i; j 

To give a formula for the homotopy inverse of A, first let Ay denote the unit matrix factorisation 
of V and X' = S c (8>s X. The unit action A : Ay <S)s X — > X can be written as a composite 

Ay ® s X 9* Ay ® S c X' S®s*X'^X . 

Writing S c = Si ®fe 5" 2 , we seek an Si-i?-bilinear inverse to tt^. It would suffice to invert 

!'% c A v ^l'%cS (4.14) 

and then compose on both ends with swap isomorphisms, provided we keep in mind that we want 
an Si-linear, not ^-linear, inverse to (4.14). But switching the role of R and S in the above, this 
is exactly what is provided by (4.12). Postcomposing with the swap isomorphism has the effect of 

converting Ati into Aty so the conclusion is that an Si-i?-bilinear homotopy inverse for A is 

A-^^-l^AtipOV (4.15) 

<— 

Here Ati(X) denotes the operator [s,dx] on 7*(B) ®s X and the summands in this formula are 
composites of Si--R-bilinear maps 

At (xY t 
X ► S c ® 5 X -> 7 *(B) ® 5 X > Ay ® s X 

where uiiei) = (1 <8> 1) <8> e«. Notice that we have shown that A, p are homotopy equivalences, and 
provided explicit inverses, for an arbitrary matrix factorisation X (i.e. not necessarily finite-rank). 

4.2 The lifting problem 

The universal property of 7ta : Ajy — > R is that for any matrix factorisation Y € hmf (R e , W) and 
morphism of linear factorisations ip : Y — > R there is a unique (up to homotopy) morphism ip\^ 
making the following diagram commute up to homotopy: 

Y ^ >\ y . (4.16) 

v 

In this section we give an explicit formula for (pnft. 

Having chosen a homogeneous basis {ej}j for Y, the formula is written in terms of the maps 

lAt 2 (Y) ! lgto' VK 
Y — -> B R o Y — ► B (g> R c R e = B ► A w 
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where iff : Y — > R e is the 72 e -linear map defined by ip'ie-i) = 1 <8> <p(e%)- 
Proposition 4.10. In the above notation 

<PW = ^(-1)^(1 ® <//) lAt 2 (y) ; (4.17) 

is a morphism of matrix factorisations making (4.16) commute. 
Proof. We apply Corollary 4.9 to see that the composite 

Hom R e (Y, A) ^ ► Y v ® R c A — lmA > F v ® RC J? J > Hom ff (Y, fl) 

is a homotopy equivalence, with £ denoting the canonical isomorphisms (see Section 2.6). Evaluating 
the homotopy inverse £ o vr^ 1 o on the cohomology class of ip yields the map ipuft defined by 

m =EE(-l) m 5tAt 2 (7 v )V 2 (e* ® ^(e,,)) . 

A straightforward computation yields (with D = dy) 

VHftfo) = E E (-l)' |e<ol+l * (dCA^MA,.^) • • • d(D iotl ) ■ (1 ® ^(e i0 ))) 

which by (3.5) agrees with the right-hand side of (4.17). □ 

5. Evaluation and coevaluation 

Every 1-morphism in CQ k has both a left and right adjoint. Specifically, if a 1-morphism W — > V 
is represented by a finite-rank matrix factorisation X of V — W over k[x,z], where W € R = 
k[xi,..., x n ] and V € S = k[z±, . . . , z m ] are potentials, then the 1-morphisms 

X f = R[n] ® R A v , f X = X y ®s S[m) (5.1) 

are respectively the right and left adjoints of X in CQ k - These matrix factorisations are canonically 
isomorphic to X v [n] and X v [m] respectively, but there are good reasons to prefer the presentation of 
(5.1), see for example the graphical calculus in Section 7. While R[n] <SirX v is isomorphic to X v [n] 
with no intervention of signs and we freely interchange these two objects, the second isomorphism 

X v [m]£S X y ® s S[m], v .— ► (-l) m ^u 

involves signs. The dual X v is the object of hmf(fc[a;, z],W — V) with the differential spelled out in 
(2.9). To prove that these 1-morphisms are adjoint to X we have to exhibit two pairs of evaluation 
and coevaluation maps, and prove that they satisfy the Zorro moves (2.7) and (2.8). For earlier 
work in this direction see [BRS10, CR12]. 

In Sections 5.1 and 5.2 below we define evaluation and coevaluation maps 

coevx : Ay — > X ® k[x] f A" , ev x ■ f A~ ® k[z] X — > A w , (5.2) 

cbevx : A w — > X f <g> fc [ z] X , ev x ■ X ® k [ x } X ] — >■ Ay (5.3) 

and derive explicit formulas for these maps in terms of Atiyah classes. We already give these formu- 
las below; the rest of the section will be spent justifying that these expressions do in fact define chain 
maps representing canonical morphisms (5.2) and (5.3) in the homotopy category of matrix factori- 
sations. In Section 6 we will prove that these maps determine adjunctions >X H X and X H X^ by 
proving the Zorro moves. 

Using the formulas for exponentiated Atiyah classes from Section 3 and the explicit formula (2.20) 
for the map : B — > A we also give completely elementary expressions for these maps involving 
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only divided difference operators, see Remarks 5.17 and 5.8. These explicit expressions can be useful 
in concrete examples, but in general they are difficult to manipulate, hence for example in the proof 
of the Zorro moves we will use the presentations (5.4)-(5.8) in terms of Atiyah classes. 

While the homotopy classes of these morphisms are canonical the formulas depend on a choice of 
homogeneous basis {e{\i for X with dual basis {e*}j. Representatives for the coevaluation morphisms 
are given by the chain maps 



coevx(7) 
coevx (7) 



^e(7A(-l) i+n ^At 2 (Xty( ix )] 



1^0 



e (7 A(-l) l+ml *At 2 (X) l (L' x ) 



where e and VP is as defined in (2.22) and (2.20), respectively, and 



1 



e 3 e xt 



e[z] X , 



4 



e*EX 



>>k[x 



(5.4) 
(5.5) 

(5.6) 



3 3 

The Atiyah classes involved in (5.4) and (5.5) are actually those of the fc[x]-bimodule X^ ®u z \ X 
and the fcfzj-bimodule X §§u x -\ X>, respectively, but with a slight abuse of notation these simplify 
to the Atiyah classes given in the formulas; see Remark 5.3. 
A representative for the evaluation morphism is given by 



(_ 1 )n+i+n|ij| Reg 



k[x]/k 



* (\At 2 (X) l (A^ rj),u) dx 
d xl W,...,d Xn W 



(5.7) 



where A^ = (— l) n d Xl (dx ) ■ ■ ■ d Xn (dx), dx = dx± . . . dx n , and (rf, v) denotes the evaluation of v on 
an element rf of X, with an appropriate Koszul sign and taking into account the fact that v and r\ 
involve different copies of the z-variables. For the precise statement see Proposition 5.12. 

In the other evaluation the Atiyah class of X v is applied to the functional v o A^ 2 ) with A^ 2 ) = 
d zi (dx) ■ ■ ■ d Zm (dx), and the resulting functional- valued form is evaluated on 77: 



evx(^ <£> rj) 



E 

1^0 



(-1)' Res fc[2]/fe 



* (lAt 2 (X v y(zvo A( 2 )),r/) dz 



d Zl V,. 



,d Zm V 



(5.8) 



where dz_ = dz\ . . . dz m . Here (v',T]) denotes the evaluation of a functional v' on rj, without signs 
but distinguishing between the two copies of the x-variables involved; a more careful explanation is 
given after Proposition 5.15. 

Throughout we write R = k[x], S = k[z] and R e = i?i<g)fci?2 with Ri = R and S e = Si<S>kS2 with 
Si = S. Then Aw, X^<S)X, ^X®X are _R e -linear factorisations of W = W<g>l — 1<8>W and evx, coevx 
are i? e -linear, while Ay and X ® X', X ® ' X are S^-linear factorisations ofV = V0l — 10V and 
coevx,evx are 5 e -linear. The differentials on Ay, A^y are given by (2.13). We will also frequently 
make use of the canonical maps from Section 2.6. 



5.1 Coevaluation 

In this section we present the coevaluation morphism coevx an d the derivation of its explicit chain 
level representative. Afterwards we consider the other coevaluation coevx, but since the derivation 
is almost identical we will not provide all details. 

Proposition 5.1. There is a canonical homotopy equivalence of ^-gr&ded k-complexes 

Hom R e(A W) Xt® s X) —>Eomito k s(X,X). (5.9) 
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Definition 5.2. We define coevx to be the morphism in the category HMF(i? c , W) whose coho- 
mology class maps to lx under the quasi-isomorphism (5.9). 

Proof of Proposition 5.1. Let A' w denote the matrix factorisation of —W with the same underlying 
graded free module as Ajy but the modified differential d&> = —S + + S-. This approximates the 
diagonal as a matrix factorisation of —W in the same way that Ajy approximates it as a factorisation 
of W. Also let K denote the Z2-graded complex with the same underlying graded module as Aw, 
but the differential 6-, so K is the usual Koszul complex of x\ — x[, . . . , x n — x' n . 

The product in the exterior algebra gives rise to a morphism of ^-graded complexes 



A' 



W ^R e 



Mr 



K . 



Composing with the morphism s : K 
isomorphism of matrix factorisations 



R e [n] from (2.22) and taking the adjoint, we obtain the 



C: a; 



w 



nv 



n 



CO 



e(cu A -) . 



Combining this with various canonical maps and the morphism ir : A' w 
have the following diagram of it^-linear morphisms: 

Hom i jc(A W /, X v [n] ® s X) 



(A' 



(5.10) 
R e — > R we 

(5.11) 



A^ ® R c (X>] 



X) 



A y w [n] ® RC (A v ® S X) 
A' w ® RC (A v ® s X) 

swap 

(X v ® s X) ® R , A' w 



(X v ® s X) 



5^ 



R 



Rom mkS (X,X) 

where for / G X v and g,g' G X we define n(f ®g®l)(g') = (— l)'^" 9 '/^') -g- To complete the proof 
we need only to show that the step marked ir is a homotopy equivalence. But this is a consequence 
of Lemma 4.8. □ 



To give a representative chain map for the coevaluation we begin with lx at the bottom of 
(5.11) and apply the various maps in turn; the only nontrivial step will be to apply the homotopy 
inverse for tt found in Section 4. The two different choices of inverse provided there will lead to two 
different (but nomotopic) chain level representatives for the coevaluation. 

Remark 5.3. With 7 as in (3.6) consider on 7*(B) ®j?e (A^ ®s X) the operator 

At 2 (X^ ® X) = [d,d x t 9X ] = [d,d xt ] 
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with the second equality holding because d is ^-linear. For this reason we abuse notation and write 

•s— <— 

At2(-X"T) for At2(X^ ® X). We adopt this notation in order to make make calculations like the ones 
in Section 6 comprehensible, but the reader should keep in mind that while only the differential of 
X^ contributes to the Atiyah class, in an expression like 

e^At 2 (X t )(e* <g> ej) 

the output of e contains elements of R e = i?i <g> R2 with R± acting on X^ and R2 acting on X. 
In the formula for the coevaluation, we apply the map 

® s X At2(Xt) ' — ► 7 *(B) <g) R c (Xt ® s X) — ^ A w ® R c (Xt <g> 5 X) 

to the tensor lx = Z]j( _1 )' ej ' e j ® &j- 

Proposition 5.4. A representative for coevx is the chain map (5.4). 

Proof. We lift the identity lx upwards through the sequence of quasi-isomorphisms in (5.11), noting 
that tx = k (lx)- To take the inverse image of Lx under the map induced by ir on cohomology, 
we may use either of the homotopy inverses 7r£" ,7r^ of Corollary 4.9. Using the second yields 

vr 2 - 1 K- 1 (l x ) = ^(-l)^At 2 (X v )'(, x ). (5.12) 

<— 

Applying the swap isomorphism has the effect of exchanging At 2 for At 2 in this formula, so that 
the cohomology class in A' w ®rc (X v (g>s X) mapping to lx is J2i>o(~ l) 1 ^ ^2(X V ) l (lx) ■ 

A tensor oj®a in A' w <g>/jc (X v (8)5 X) is sent under the remaining maps in (5.11) to the function 
(-l) n (\"\+ n )£(e(u) A — ) ® a). This map sends a form 7 G A^y to 

7 1— > (-l)™(l^l+ n )+(^l+™)(l«l+«) e (a; A 7) • a (5.13) 
= (-i)HH+nN+MN E ( 7Aw ). ai 

This vanishes unless | —y | + \oj\ = n, so the final sign is (— 1 )l aJ IM+ n H+ n M+M. Since lx has degree 

zero the element ^^ (— l)^At 2 (X v )'(/,x) can be written as a sum of tensors uj(&a with \uj\ = \a\, 
in which case the sign on (5.13) is just +1 and the formula (5.4) follows. □ 

There is an alternative presentation which we will need. On (X^ <g>s X) (g)#e B consider 

Ati(X f X) = [s, d x ^ x ] = [s, d x ] 
which we denote by Ati(X). This abuse of notation has the same disclaimer as in Remark 5.3. 
Proposition 5.5. A representative for coevx is the chain map 

~t^ e ^E(-l) l+nl VAtl(X) l (Lx) A 7 j • (5.14) 

We conclude this section by explaining how one defines, and derives an explicit formula for, the 
other coevaluation. To begin with one constructs a canonical homotopy equivalence 

Kom S e(A v ,X® R iX) —>H.om mkS (X,X) (5.15) 

in the same way that we constructed the homotopy equivalence of Proposition 5.1. The coevaluation 
coevx is defined to be the morphism Ay — > X <g)# ' X in HMF(S' e , V) whose cohomology class is 
the preimage of the identity under the quasi-isomorphism (5.15). Once again using the homotopy 
inverses computed in Corollary 4.9 one finds two different chain maps lifting the identity: 
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Proposition 5.6. A representative for coevx is the chain map (5.5). 
Proposition 5.7. A representative for coevx is the chain map 



7 



(-l)'-Hni e (^Ati(tA;) , (4)A7). (5-16) 



where is as given in (5.6). 

Remark 5.8. The above formulas can be rewritten in terms of divided difference operators. Apply- 
ing (3.7) and (2.20) one computes that coevx has the description given in (1.2) of the introduction. 
Similarly if 7 = ai . . . 6 ai € Ay there is a unique Y = 0^ . . . 6^ r with 7 A 7' a nonzero multiple of 
the top degree form, say (— l) s ^6i . . . 9 m . So I + r = n and one computes 

coev x ( 7 ) = ^(-lp + ^ )+r+mr {d [bl] (d x ) . . . d^dx)}^ ® e* (5.17) 
where the divided difference operators act on S e = k[z,z']. 



5.2 Evaluation 

In this section we construct the evaluation map evx by writing down a morphism evo : X<g> R X^ — > 
S and then lifting this via perturbation to a morphism into Ay. The other evaluation evx is defined 
in a similar way, and will be treated briefly at the end of the section. 

The partial derivatives fi = d Xi W act null-homotopically on X and we let Aj S HoniR^^X, X) 
denote a degree-one map with [dx, \] = fi • lx- The construction will turn out to be independent 
of this choice up to homotopy, although this is not completely obvious; see Remark 5.16. We also 
set A( x ) = Ai . . . A n . For example, taking Aj = —d Xi dx would do since by the Leibniz rule 

d Xl (dx)dx + d x d Xt (dx) = d x .(d x ) = -d x .W . 

However it will be important to allow other choices of null-homotopy. 

To begin with there is a canonical map (an ^-linear morphism of linear factorisations of V) 

X® R X w [n] {X® R X v )[n] — > (X ® R X v ) [n] ® R R (X ® R X v )[n] (5.18) 

where we write R = R/(fi, . . . , f n ) and X = X <g) R R. Then we compose with 

(X® R XV)[ n ] AW<81 > X® R XV (5.19) 
which is closed because is a closed map X[n] — > X modulo the fi. Finally we compose with 

X ® R A v ^—^ S ® S c (X ® R A v ) Rom mkS (X, X) ^— > R ® k S S (5.20) 

where the last map marked is the S'-linear residue symbol (see Section 2.4) 

(-)dx 



Res R/fc 



R® k S —> S. 



We note that the first map in (5.20) and the second in (5.20) are as defined in Section 2.6. 

Definition 5.9. ev is (—1)™ times the composite of (5.18), (5.19) and (5.20). 

The global sign is determined by the Zorro move and the signs on the coevaluation. 

Lemma 5.10. evo is a morphism of linear factorisations ofV over S e , and for i] G X, v E A v we 
have 



ev (n®v) = (-l) n +"W ReSR/k 
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(-l) n+n M+M Res 



R/k 



vhS x ' (rf) dx 

d xl w,...,a Xn w 



(5.22) 



There is a stabilisation morphism 7ta : Ay — > S, and while X <Si R X* is not free of finite-rank 
over S e , it is a direct summand of a finite-rank matrix factorisation in HMF(S' e ,V). The unique 
lifting statement of Proposition 4.10 can be extended to summands (for the argument, see the proof 
of the proposition below) so there is up to homotopy a unique morphism of matrix factorisations 
evx making the following diagram commute: 



X ® R Xt x - > Ay . 



(5.23) 




Definition 5.11. evx is the unique morphism in HMF(S' e ,y) making (5.23) commute. 

The formula for evx involves the following (S e i?)-linear map 

(-,-) :I® R I V ^S e ® k R, (e u e*) = (-l)NM e *( ei ) = (-1)1*%. 

This pairing is simply evaluation (with an appropriate Koszul sign) modulo the fact that X and its 
dual X v involve different copies of the ring S. 

Proposition 5.12. A representative for evx is the chain map (5.7). 

To be clear, the numerator of the residue in (5.7) is the image of A^ x \n) ® v under the map 

\ l 

-> B 5 c {X ® R X^ 



x®„xv^ x)l 



: v ) m ' \ B ®<?e (S c (g)fc -R) = B ® fc R > Ay ® fc R 

where lAt2(X) = [d, dx], B = B 5/ / fc . The residue integrates out the R, leaving an element of Ay. 

As has already been mentioned, if X ® R X^ were finite-rank we could apply Proposition 4.10 
directly to deduce a formula for the lifting evx- As this is not the case, we have to be a little 
indirect and appeal to the idempotent pushforward construction of [DMb]. Specifically, with R = 
R/(fi, . . . , f n ), Theorem 7.4 of loc. cit. shows that there is a diagram 



X® R X^[n]^(X fi X v )[n]r 



(X ® R X V ) 



Pi? 



R 



(5.24) 



in HMF(S e ,y) with i/j o $ = 1 in the homotopy category and i? = A^ <S> 1. Observe that since 
W is a potential, R/(fi, ■ ■ ■ , f n ) is a finitely generated free fc-module and X ® R X v is therefore a 
finite-rank matrix factorisation of V over S e . 



Proof of Proposition 5.12. To lift ev : X ® R X y [n] 



Hom S c(I ® R X v [n],A) 
Hom S c(I ® R X v [n],S) 



<— 










— > 




0. 




i — 









S, consider the commutative diagram 
;Hom S c(I ® R X V ,A) (5.25) 



Hom S c(I ® R X V ,S) 



where a "•" as a superscript indicates postcomposition and as a subscript it denotes precomposition, 
and we leave the isomorphism X ® R X v [n] = (X ® R X)[n] implicit throughout. By Proposition 
4.10 the right-hand vertical map is a homotopy equivalence and therefore so is the left-hand vertical 
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map. This justifies why in (5.23) there is a unique morphism evx making the diagram commute: it 
is the image in cohomology of evo under the homotopy inverse of ir^. 

Let evg denote (— l) n times the morphism in (5.20) so that evo = $.(ev ), and let ev denote 
the morphism A®^ A v — > A lifting evg which is produced by Proposition 4.10. To run the lifting 
construction we need to fix an S^-basis for X <8>^ A v . The basis we pick is \g a e% <8> e*j} a ,i,j where 
g a gives a fc-basis of R. We define evx = $»(ev') = ev' o (A^ ® 1). By construction this morphism 
makes (5.23) commute, and it just remains to compute it explicitly. 

The statement of Proposition 4.10 gives us 

ev x = E^ -1 ^ ( X ® e ^o) ° 1At (^ ® xV ) 1 ( A(3:) ® 1) 

where evg : X <g># A v — > S° is the ^-linear map defined by evg(<? a ej <S> e*) = 1 <g> e~vg(/ a ei ® e!-). 
In dj 8 xv = dx ® 1 + 1 ® <^x v o m y involves polynomials in so lAt(A ® A v ) = lAt(A). We 
compute using (3.5) that for g £ R (writing D = dx, and putting in the sign n|e$| from the first 
map of (5.18)) 



evx(5e, ® e*) = ^(-1)<+™N*(1 ® evg) U £lAt(X)'(A 

i>0 V fc 



= J](-l) ,+n|ei| *(l®evg)U E Ag ) -d(L> fclfc )...d(L» fc!fc! _ 1 )®e fei ®e* 
Z^O y k,ki,...,kt 

Applying evg involves taking the supertrace str(e£ ; o e*) = (— l)' 6 ^^, so that the above equals 



E E (-l)" + ' +n|e<l+|e ^A^ *(d(D kl , k ) . . . d^i,^)) Res R/k 
1^0 fc,Ai,...,fcj_i 



gdx 



which agrees with (5.7) for 77 = ge^ and 1/ = e!-, completing the proof. □ 

Next we give a brief explanation of the derivation of evx • The partial derivatives d Zi V act null- 
homotopically on X and we let A^ £ HomRg^s^A, A) denote a degree-one map with [dx, A- 2 ^] = 
<9^y • lx- For example aJ z) = d Zi d x would do. We set A<*> = a[ z) . . . A^ } . 

We define an operator on A v by 

A!: ) («) = (-l) H Af ) oa. 

It is easily checked that [dx v , A). ] = d Zi V ■ lx v > so this is a null-homotopy for the action of d Zi V. 
With S = S/(d Zl V, . . . , d Zm V) there is an i? e -linear morphism of linear factorisations of W 

tl %I = A v [m] ® s X ► A v [m] ®s X — A "'°"" oA i' ) ® 1 , A v ® 5 A (5.26) 

which we can compose with 

A v ® s A can ) 5 ® sc (A v ® s A) * Hom^ fcS (A, A) str ) R ® fc 5 Rcs > (5.27) 
where the last map is the i?-linear residue symbol 



Res s/fc 



i dz 



R® k S — > R. 



d zl v,...,d Zm v_ 

Definition 5.13. ev is (— 1)(?) times the composite of (5.26) and (5.27). 
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Lemma 5.14. evo is a morphism of linear factorisations ofW over R e , and for n S X, v £ X v 

o r\ o v) dz 



ev 



( l /®^ = (-l)MRes s/Jfc 



Res 



S/fe 



d Zl V,. 

uA^ z \n)dz 
d Zl V,...,d Zm V 



,d Zm V 



We define evx to be the unique morphism in HMF(it! e , W) making the diagram 




(5.28) 
(5.29) 

(5.30) 



The existence of such a unique morphism, and the explicit formula for it, are established as before. 
First we have to write the infinite-rank matrix factorisation X v [m] <S>s X as a direct summand of a 
finite-rank factorisation as in (5.24). Then Proposition 4.10 applies to this finite-rank factorisation 
in which we have embedded to produce the desired lifting. 

Proposition 5.15. A representative for evx is the chain map (5.8). 

The formula for evx involves the (R e (g>fc 5)-linear map 

(-, -) : X v ® s X — ► R c ® k S , (e*, e,-) = e*( ej ) = 5 tj . 
The numerator of the residue in (5.8) is the image of v o A( z ) <8> r\ under the map 



X 



lAt 2 (X v )' 

v ^ S X — — 4 B (8)^ 



SX)^-l 



(R e ®k S) B ® k S ■ 



> A w ® k S 



The residue integrates out the S, leaving us with an element of Aw. By the argument given m 

(z) 

Remark 5.16 the morphism evx is independent of the choices of null-homotopy A^ . 

Remark 5.16. The morphisms evx an d evx are independent, up to homotopy, of the choices of 
null-homotopies Aj. To justify this claim it clearly suffices to argue that evo and evo are independent 
of the choices, and this is a consequence of the remarks in Appendix B. In fact it is also shown there 
that, up to the sign of the relevant permutation, e~vx and evx are independent up to homotopy of 
the chosen ordering of the homotopies Aj. 

Remark 5.17. The formulas for evx an d evx can be written in terms of divided difference operators 
as follows: for g € R we have 



ev X (gej <8>e-) = ^ ^ 

1^0 h<—<ii 



■Oil Res i?/fc 



{d {il] d x ■ ■ ■ d [h] d x ^ x) } ij gdx 



d xl W,...,d Xn W 

In this formula the divided difference operators act on S e = k[z, z'\. Similarly for g € S, 

(A(*) d {ll] d x ■ ■ ■ d {il] d x } %j g dz 



ev x (e* ® gej) = E E (-l)® +m,+,|e<l 9 tl . . . 9 n Res s/k 

1^0 h<---<ii 

where the divided difference operators in this case act on R° = k[x,x']. 



d zl v,...,d Zm v 



5.3 Migration of 2-morphisms 

We end this section with a discussion of the naturality of the evaluation and coevaluation maps, 
which in diagrammatic notation amounts to a freedom to "migrate" 2-morphisms around a cap or 
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a cup. For a morphism ip : X — > Y in hm£(k[xi, . . . , x n , z±, . . . , z m ], V — W) we define 
] (p = y J [m]: ] Y — > ] X, tp^ =tp s/ [n]:Y^ — > X f . 

Proposition 5.18. For a morphism ip : X — > Y as above we have 

(i) (<p <g) ltx) ° coevx = (ly <8> V) ° coevy, 

(ii) evy o(l ty (g) y>) = evx o(V ® lx), 

(iii) V = Atx ° (evy ®lt;r) ° 0-ty ® V 3 ® ltx) ° (hy ® coevx) ° p^y 

and similarly for ev and coev. Diagrammatically the above identities read 



y 





ty x 



ty x 



ty 




Proof. Consider the diagrams 

Hom(A, X ® tjC) ( ^ 1)o( ~ } : Hom(A, y ® tX) Hom(A, y ® ty) 



(i<giV)°(-) 



Hom(X, X) 



¥>«(-) 



-> Hom(X, y) 



Hom(y, y) 



(-)oi^ 



Hom(A,y (g> tX) 



■+ Hom(X, y) , 



where the vertical maps are analogous to (5.11). By their naturality both diagrams commute. 
The counterclockwise maps send lx € Hom(X, X) and ly € Hom(y, y) to the same element in 
Hom(A, <X <g> Y). Thus the two sides of part (i) are equal as they are the images of lx, ly under 
the clockwise maps. 

To prove part (iii) we only have to apply a Zorro move and use part (i), and with this part (ii) 
follows together with another Zorro move: 



tx 



9 





9 



ty ty ty ty X ty 

The obvious analogous identities for ev and coev follow in the same way. 




ty 



X 



□ 



6. Zorro moves 

In this section we will show that the bicategory CQk of Landau-Ginzburg models has adjoints, by 
proving that the evaluation and coevaluation morphisms of Section 5 satisfy the Zorro moves. Let 
us fix two arbitrary potentials W £ k[x] = k[xi, . . . , x n ] and V € k[z] = k[z±, . . . , z m ]. Then we want 
to prove that for any matrix factorisation X £ hmf(A;[a;, z], V — W) and its left and right adjoints 
tX, Xt £ hmf(k[x, z],W — V) the Zorro moves (2.7) and (2.8) are satisfied. 
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Let us consider the first identity of (2.8) in more detail: 

X X 



A 



v 




S R I S 



X 



' A 



w 



(6.1) 



X 



X 



Here we label the domains by the rings R = k[x] and S = k[z] pertaining to the two objects of CQk- 
We keep in mind that there are two A's which appear: one of which is an i?-i?-bimodule, and the 
other is an S'-S'-bimodule. We write R e = R\ 0^ R2 with Ri = R and S c = S\ 0^ S2 with Si = S. 
We call the left-hand side of (6.1) the Zorro map and denote it Z. It is the composite 



X 



^X 



1(g) coev 



+ X ® R X^ S X ■ 



ev g)l 



Ay ® 5 X 



-+X, (6.2) 



and we will prove in detail that this map is homotopic to the identity on X. Since the argument is 
very similar for the other identity of (2.8) and the two identities of (2.7), we do not give full details 
in these cases, but see Remark 6.9. 

Note that we continue to discard subscripts that are clear from the context, e. g. ev = evx- Our 
first order of business is to establish the expression for the Zorro map given in the next lemma. For 
this we need to introduce the i?2-linear map 



B 



R 



2 j 



Res 



R c /R2 



gift (a) dx 



d xl w,...,d Xn w_ 

We use the maps e and \& of Section 2 and dx = dxi . . . dx n . To be clear, this differential form and 
the d Xi W in the denominator of the residue are all viewed as elements of -Ri , the copy of R which 
is integrated out by the residue. 

Let {ei}i be a homogeneous (S 0^ i?)-basis of X, {e*}i the dual basis and {eij = ei o e*}ij the 
determined basis of End(X) = Jloms<g, k R(X, X). Throughout this section an undecorated At denotes 
the Atiyah class At2(End(X)) of this complex, which we recall is the operator on End(X) 0# x B 
determined by the basis using the convention of Remark 3.2. 

As before let \ be a null-homotopy on X for the action of d Xi W, for example Aj = —d Xi dx(x, z), 
and set A = Ax ... A n . Postcomposition with A gives a well-defined operator A* on End(A) 0^ B. 



Lemma 6.1. We have 



Z = ^(-l) n+ ^'l«str (AoAt n ( 



oe i)K 



"3 ■ 



(6.3) 



Remark 6.2. Before giving the proof of the lemma, let us sketch out the proof that Z is homotopic 
to the identity. The idea is that this should follow from skew-symmetry of At, i.e. up to homotopy 



« str ( _ o At(-)) ))*-(( str ( At(-) o -) » . 



(6.4) 



Unfortunately we do not know how to make sense of the right-hand side of this identity, let alone 
prove it. We expect a more thorough study of associative Atiyah classes will make possible a precise 
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statement about skew-symmetry of the Atiyah class of End(X). But let us ignore this problem for a 
moment, freely use (6.4), and see where our daring gets us: we calculate that for (p G End(X) CBD^ B, 
there are homotopies of functionals of the variable tp: 

« str (Ai • • • X n o At(p)) ))=*-« str ( At(Ai • • • A n ) o <p) » 

n 

- - str ( Ai • • • At ^ ■ • • A « ° v>) » 

i=l 
n 

- ~ str (Ai • • • ^ • • • A n o ^) » . 

i=l 

We will not make sense of the two intermediate steps, but the initial and final terms are well-defined 
and we prove that they are homotopic functionals of ip as the p = case of Lemma 6.4 below. In 
this way we may, by omitting the ill-defined intermediate steps, proceed "using" the skew-symmetry 
(6.4) to prove the Zorro move. 

Taking cp = At n ~ 1 (a) in the above, we prove in Lemma 6.4 and Lemma 6.6 that 

« str(A o At») » ~ - ^(-l)* 1 * 1 ^ str (A x • • • A n • • • A n o At^V)) » 

h 

~ E (-l) il+1+l2+2 «(4fn^ 2 - df i2 df h ) str (Ai ■ ■ ■ X h ■ ■ ■ % 2 • • • A n o At"" 2 (a)) » 

r^j , , , 

~ (-1)" Yl (-l) kl «^(D • • • d Un) str(a)» 
= (-l) n str(a) 

where in the last step we use a fact of the residue calculus: integrating against the determinant of 
the matrix (5m (/j)) is the identity. Applied to the formula (6.3) this yields 

Z ~ ^(-l) 1 ^ 1 str(- o e*) ■ e 3 = J>tr(e* o -) • ej = l x , (6.5) 

3 j 

and the Zorro move is proved. 

Although we do not precisely formulate the skew-symmetry (6.4) of the associative Atiyah class, 
in Section 1 1 we prove nondegeneracy of the Kapustin-Li pairing using the (precisely defined) skew- 
symmetry of the ordinary Atiyah class. Another example of symmetries of Atiyah classes playing 
a role in algebraic geometry is the appearance of the Bianchi identity in Kapranov's study of 
Rozansky-Witten invariants [Kap99]. 

Proof of Lemma 6.1. The proof rests on the central identity in Lemma 3.5 for computing with 
Atiyah classes. Throughout we write At for At2- The image of a basis element e q under the first 
two maps of (6.2) is computed by the expressions in (4.13) and (5.4), 

(l®65gV)op- 1 (e g ) = (lOco^v)^(-l)^At(A:) / (eg) 

= Y, Yl {-l) n+nVMeA e(^> M{X)\e q ) A^At(A t ) / '(e*)(g)e j ) 

j l+l'=n 

= Y Yl (-ir +ni ' +|ejl ^(At(A/(e g ) x At(Xty'(e*)® ei ) (6.6) 

j l+l'=n 

where in the last step we use that intertwines the shuffle product with the exterior product. 
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In this formula At(X) is an operator on X ®#j B, At(A^) is an operator on 7*(B) ®# 1 (X^ ®X), 
and we keep in mind the abuse detailed in Remark 5.3. Respectively these operators are the Atiyah 
classes of the (5 ®& i? e )-modules X ®# 1 R e and the pair {X^ 0s X,d X ]). Tensored over R e these 
modules form the (S e ® i? e )-module 

(X ® Rl R c ) ® R e (Xt ®s X) = X ® R X^ ®s X . (6.7) 

Thus we are in a position to apply Lemma 3.5 and rewrite the shuffle product of Atiyah classes in 
(6.6) as a single Atiyah class, of the module in (6.7). In (6.6) the term inside the e^(— ) belongs to 
X ® 7*(E) ® X v [n] ® X. Moving the B to the right of the X y [n] introduces a sign (-l) n (M+™+0. 
We account for this sign by rewriting (6.6) as 

Yl Yl (-l) |eil+n(|ejl+ " +Z ' )+n|e3 ''^(At(X)'(e 9 ) x At(J^) z '(eJ)<g)e i ) . 

j l+l'=n 

Then Lemma 3.5 applies directly to show that 



(lgc^vjo^fe,) = ^(-l)M+ n l e ^(At(X ® R X v [n]) n {e q ®e*)®e j ) . 

j 

To this we apply A o (ev ® 1), which amounts to the map ev of Definition 5.9. Applying the first 
isomorphism of (5.18) yields 

J2(-l) {n+1)le ' l+nM eV(At((X ® R X v )[n]) n (e q ® e*) ® e,-) . 

3 

Since the Atiyah class of Y[n] agrees with that of Y (Remark 3.3), this is the same as 
^(-l)(«+i)l«yl+»l«.le*( At(X ® R X v ) n (e q ® e*) ® e,) . 



The next step is to apply (— ) <8>5° S, that is, to identify the left and right actions of S, after which 
X ®# A v becomes identified with End(A), and we are left with 

^(_l)(«+l)]^l+«]^l e ^r('At(End(Z)) n (e g o e*) ® e,-) . 
i 

To finish applying evg we compose with A, multiply by the global sign, supertrace and integrate: 
Z{e q ) = A o (ev ® 1) o (1 ® cbev) o p~ 1 (e q ) 

str (A o At n (e o e*))dx 
~Y } ^R°/R 2 [ dxi W,...,d Xn W 

= ^(-l)" +( " +1)|eil+n|e?l « str ( A ° At "( e ? ° e i)))> ■ e i • 



The nonvanishing summands have \e q \ = \ej\, so the sign in the last formula is (— l) n +( n+1 )l e jl+ n l e 9 = 
(— l) n +l e jl and we have proven that the left- and right-hand sides of (6.3) agree on basis elements 
e q . To complete the proof it therefore suffices to argue that the right-hand side is (S ®fc i?)-linear. 
But S'-linearity is trivial and for r € R we use that the Atiyah class is right i? e -linear and Lemma 
2.11 to see that for r/ £ X 

(( str (A o At n (rr?))» = « str (A o At n (r/)) • (r ® 1)}} 

evfr str (A o At n (??) ) • (1 ® r)dx 



Res 



R c /R 2 



d xl w,...,d Xn w 
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= ((str (AoAt n (r/))» -r. (6.8) 
Hence both sides of (6.3) are (S ®k i?)-linear and therefore agree. □ 

We write ip' for the operator ip'(a <g) uj) = ip o a <8> w on End(A) (g)^ B, and I? = [dx, —]■ 
Lemma 6.3. Given homogeneous ip € End(A) and tp € End(A) ®_Rj B, 

« str(V o At(y>))» = -«dstr(D(V0 o ^)» + (( str ( d] (D<p)) » 

-(-l)W«Btr (DW>)°dv>)))). 

Proof. The super Jacobi identity for operators on this tensor product gives 

[r,At] = [r,[d,D]] = (-i)M [d, [r,d\] - [d, [D,r]) . (6.9) 

It is easy to see that str od = d o str and hence str o At = so if we apply (6.9) to ip we find 
«str tyo Atfa)))) = (-l)^'«str([A tyV]]*>)» - «str([d, 

= «str ([^,d](^))» - ((dstr " (-l) W ((stv{[D,r](d<f)))). 

But since [D, ip'] = D(ip)' this is what we wanted to show. □ 

Given a sequence i = (ii, . . . , i p ) in {1, . . . , n) (not necessarily ascending) define £(i) = p and 
1*1= Yl S i*>ib> 7(*) = |*|+*i + ...+ip. (6.10) 

The empty sequence has length zero. We write Aj^.; for the product A = X%. . .X n with the 
Aj 15 . . . , \i p omitted, and fa = d Xi W as before. 

Lemma 6.4. For ip G End(A) (g)^ B and < p < n we have 

£ (-l) 7(i) ((#n • • • df ip str (A n ,..., v o AtM) )) 

f(t)=p 

= ^ (-i) 7(i) ^((4fu-" 

*(*)=p+l 

where the sums are over ah* sequences of length p,p + 1, respectively, and 

M«)= E (- 1 ) 7(i) (( d /n---^ str ([ A T 1 ,.^^(«))))- 

<?(i)=p 

Proof. Fix a sequence i of length p and observe that for q ^ i 

j((h,... ,i p ,q)) =j(i) + q+ ^ $ia>q = + Q + P + E • ( 6 - U ) 

Set ^> = Aj lv .. 5 j p and 77 = dfi x ■ ■ ■ dfi p . Then by the argument of Lemma 6.3 

((77 str (-0 A%)))) = -«r/d str (D(ip) o <p))) (6.12) 

+ «r ? str([^,d]( J D^))» (6.13) 

- (-l) n - p «77 str (D(V0 o dp) » . (6.14) 

Since D(Aj) = 

D(ip)= £ (-l)^ 1 ^ 1 ^^^/,-^,...,^,, (6.15) 
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where the sign counts the number of A's appearing to the left of X q in Aj lr .. ) j . We claim that the 
sum over all sequences of the last summand (6.14), with the signs (— given in the statement 
of the lemma, vanishes. Substituting (6.15) the sum in question is 

^(-iy^+ 1+ ^< P s ^((df h ■ ■ ■ df ip f qS tr (A M ,,, o dp))) 

£(i)=p q^i 

= ( _l)P+l (-l) 7(i) << ( i/n---^ P / lp+lS tr(A lli ... iWp+1 o^)>> 
e(i)= P +i 

which vanishes by Lemma 6.6 below, proving the claim. 

The signed sum over all sequences of the remaining terms (6.12) and (6.13) gives us the right- 
hand side of the equation in the statement of the lemma, completing the proof. □ 

Lemma 6.5. Given a sequence i = . . . , i p ) of length p ^ 2 and any weB, 

Proof. For any permutation a, 

• • • = (( d fi. m ■ ■ ■ d (/v (p -i)/v( p) ) w » ( 6 - 16 ) 

~ ' ' ' /v (p -i) d /v(p) w )) • 

When we sum over all permutations o the terms (6.16) cancel pairwise due to the symmetry in 
exchanging a with a o (o, a — 1). In this way we "migrate" the undifferentiated fi to the very left of 
the expression, where it annihilates with the residue in — )). □ 

Lemma 6.6. For a <E End(A) we have 

n-1 

«str(AoAt n a)» = (-l) n str(a) + 1)(S)^(Z? At™-^ 1 a) . (6.17) 

p=0 

Proof. Applying Lemma 6.4 twice beginning with ip = At" _1 («) y ields 

«str(AoAt n a)» = ^ (_l)T« ((df h stv(A h o At™" 1 a)» + h (D At"" 1 a) 

<(i)=l 

*(t)=2 

After n steps we find that, writing h(a) for the second summand in (6.17), 

«str(AoAt"a)»= £ «d/ n • • • d/ in str(a)» + /»(«) 

£(i)=n 

= (-i) n E (- 1 ) 1 ' 71 • • • str («)» + 

= (-l) n str(p) + /i(a). 

where in the last step we use the residue identity from Proposition 2.13. □ 
Using the explicit formula for Z from Lemma 6.1 and the previous calculation, we compute that 

z = E(- 1 ) n+|ejl « str ( A At "(- ° e i)) » • e ; 

3 

= E(-!) |eil str(-oe*). ei + J ff 
i 
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str(e* o-)- ej + H 



3 

= lx + H (6.18) 

where 

n-1 

H = Y, J2(-l) n+]ejl+ ®h p (DAt n - p - 1 (- o e *)) • e, . (6.19) 

j p=0 

As the difference of two closed maps H = Z — lx is a closed endomorphism of X, and to complete 
the proof that Z ~ lx it remains only to prove that il is null-homotopic. 

The idea is to use the nondegenerate pairing on the mapping complexes of the dg-category of 
matrix factorisations of V — W. If k is a field this is the Kapustin-Li pairing of [KL04, HL05, Mura, 
DMa] but in general we use the contents of Section 11. The precise statement (Theorem 11.1) is 
that there is a homotopy equivalence of Z^-graded complexes over k 

End(A) — ► Bom k (End(X), k)[m + n] , ip \ — ► (ip, -) x ■ (6.20) 

induced by the pairing 

str (J3 oao A^A^ ) dxdz 



{p,a) x = Res ms/k 



d Xl W,...,d Xn W,d Zl V,...,d Zm V 



(6.21) 



where A^ x ' = X± ■ ■ ■ X n is the product of homotopies for the action of d x W introduced earlier, and 
= A*i • • ' Hm is tne product of homotopies for the action of d z .V on X. That is, D(nj) = d Zj V-lx- 
To be precise, the pairing (11.1) of the theorem symmetrises over permutations, but Lemma B.2 
shows that this is not necessary; the pairings (11.1) and (6.21) are homotopic. 

To prove that H : X — > X is null-homotopic it is therefore sufficient to prove that {H, — )x is a 
coboundary in the complex Honifc(End(X), k), or what is the same, that it can be factored through 
the differential D. This will follow from a careful study of the map str(H o —). 

Lemma 6.7. For any even degree a € End(X), 

n-1 

str(fl"oa) = J2(-l) n+ (^h p (D At^- 1 a) . (6.22) 

p=0 

Proof. By an argument similar to the one given in (6.8) one checks that for r € R, 

hp(D AiT-v-^ar)) = h p (D At^P' 1 (a)) ■ r . (6.23) 

Hence to verify (6.22) it suffices to check the case where a = ei o e*- for some i, j, and this follows 
from the definition of H. □ 

Theorem 6.8. The Zorro map Z is homotopic to lx- 

Proof. It suffices to prove that (H, —)x can be factored via the differential D. Writing Res [ — ] for 
the residue in (6.21) we compute using Lemma 6.7 that for a £ End(A), 



(H, a) x = Res [ str(# o a o A^A^)] 

n-1 

= J2(-l) n +(f) Res [hpDAe-P-^a o A^A^))] 



p=0 
n-1 



^2 Res [hp At™^ 1 D(a o A^A^)] 
p=0 
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= J^(_l)»+(a) Res [h p At^P- 1 (D{a) o A( x >Ato + a o D(A^A^)) ] . 

p=0 

The ^jWs and d Zi V r s which appear in the expansion of D(AWA^)) pass outside of in the first 
case by (6.23) and in the second case since everything in sight is S'-linear, and annihilate with the 
denominator of the residue (6.21). We conclude that 

n-l 

(H,a) x = ^(-l) n +® Res [hpAt^- 1 ^(ajoA^A^) ] 

p=0 

which proves that (H, —)x is null-homotopic, and ipso facto that Z is homotopic to the identity. □ 

Remark 6.9. To establish the adjunction X H X^ it remains to prove the second Zorro move in 
(2.8). In the above the Atiyah classes "created" in the coevaluation go the left and pair with the 
Atiyah classes created in the inverse of the right unit action. Looking at the picture of the second 
Zorro move, we see that the Atiyah classes created in the coevaluation must go to the right to meet 
the unit action, and so we use the formula (5.14) for the coevaluation in terms of Ati. 

The inverse of the left unit action (4.15) is also written in terms of Ati, and as above one proves 
that the map on the left-hand side of the second Zorro move is Z : Xt — > Xt given by 

Z = ]T(-1)^« str (A o At?( ej - o -)) » • e* . (6.24) 

3 

Here Ati operates on End(X) B. Replacing d with s and At 2 with Ati the technical results of 
Lemma 6.3 and Lemma 6.4 still hold, and the analogue of Lemma 6.6 is the statement 

(( str(A o At? (ip))) = Bbr(<p) . (6.25) 

Combining this with (6.24) one proves that Z is homotopic to the identity as before. 

The verification of the adjunction ^X H X follows in the same way, with the proof of the first 
Zorro move in (2.7) using Ati while second involves At2. 

Theorem 6.10. The bicategory CQk has left and right adjoints: for any 1-morphism Y : W — > V, 

Y v ® s S[m] = ty 1 Y 1 y 1 " = R[n] ® R Y v . 

Explicit expressions for the evaluation and coevaluation maps are those of Section 5. 

Proof. So far we have shown that for any 1-morphism X given by a finite-rank matrix factorisation, 
the 1-morphisms ^X and X^ are adjoint to X with the evaluation and coevaluation maps specified in 
Section 5. This does not exhaust the 1-morphisms in CQk, as there may be objects Y of CGk(W, V) = 
hmf(/c[x, z], V — W) 1 ^ not isomorphic to objects of hmf (k[x, z], V — W). Nevertheless, the evaluation 
and coevaluation maps already specified can be uniquely extended to summands like Y . 

The detailed argument is given in Appendix C.2, and we need only check that the hypotheses 
given there are satisfied for CQk- The contravariant functor 

R f = R>] :C9k(W,V) -^£g k (v,w) 

is well-defined, and hypothesis (ii) of the Appendix is checked in Proposition 5.18. The upshot is 
that every 1-morphism Y in CQ^W, V) has right adjoint R[n] ®rY v , and similarly one proves that 
Y y ® s S[m] is left adjoint to Y. □ 

Remark 6.11. It follows from Appendix C.2 that the 2-morphism migration properties of Propo- 
sition 5.18 hold for 2-morphisms between arbitrary 1-morphisms in CQk, not just those represented 
by finite-rank matrix factorisations. 
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Remark 6.12. When k is a field the triangulated categories hmf(fc[x], W)^ all have Serre functors, 
and the existence of adjoints in CQ k can be derived from represent ability theorems, see for example 
[BFK]. But our methods seem better suited for explicit computations. 

With the notation of Remark 2.7 this shows that there are adjunctions of integral functors 

$tx 1 ®x 1 *xt • 

That is, for any Y £ hmf (k[x], W) u and Z £ hmf(k[z},V) UJ there are natural isomorphisms 

Hom(X ® k[x] Y, Z) A Hom(y, X ] ® k[z] Z) , 

Hom(tx ® k[z] Z, Y) A Rom(Z, X ® k[x] Y) 

where Horn denotes mapping spaces in one of the categories hmf(/c[z], V) 1 ^ or hmf(/c[x], W) w . 

The units and counits of adjunction are derived from the evaluation and coevaluation maps of 
Section 5 in the obvious way; for example, the counit of the adjunction 3>x H is the natural 
transformation <3?x o cj?^ — ► 1 which, evaluated on an object Z € hmf(/c[z], V), is the morphism 

{$x o$ x ,){Z) = X ® k[x] Xt ® k[z] Z evx ® lz > A v ® k[z] Z ^ ► Z . 

Remark 6.13. We recover Serre duality in the triangulated categories hmf(fe[z], V) u as the special 
case of a 1-morphism X : I — > V where I = (k, 0), with its left adjoint < X = X v [m] : V — > I. 
In this case X G hmf(/c[,z], V) and, taking Y = k, there is a natural isomorphism 

H m Hom fc (Hom M2] (X, Z), k) = Hpm(Hom feW (X, Z)[m],k) 

^ Horn (X v [ml ® k[z] Z,k) 
^ Hom fZ, X) . 

Recall that k is arbitrary, so the left-hand side is not necessarily the dual of Hom (X, Z[m\). 

7. Diagrammatic calculus and pivotality 

With the proof that the bicategory CQ k has adjoints behind us, we turn in the next several sections 
to applications. But first we need to introduce a refined diagrammatic calculus more suitable for 
working with adjoints in this bicategory; in particular, with this in Section 9 we will realise the goal 
stated in the Introduction of translating arbitrary TFT correlators directly into diagrams in CQ k . 
The new diagrams are also the appropriate language for clarifying the nature of double-adjoints. 

7.1 Alternative graphical presentation of adjoints 

The string diagrams introduced in Section 2.1 and employed until now have the problem that the 
adjoints enter on an artificial footing: lines do not carry orientations, and the adjoints are added to 
the diagrams "by hand" . In a bicategory where left and right adjoints coincide, or more precisely a 
bicategory with a pivotal structure, it is standard to employ the richer diagrammatics of [JS] where 
we consider non-progressive diagrams with oriented lines (i. e. lines may double back, forming caps 
and cups) and in computing the value of a diagram one interprets a line labelled / with a downward 
orientation in terms of the adjoint /'. See for example [KholO, Laul2]. 

Unfortunately the bicategory CQ k is not pivotal in the strict sense: the left and right adjoints 
differ by a shift. The solution, which we basically borrow from [CW10], is to follow the prescription 
of [JS] but enhancing the diagrams with a new type of "wiggly" lines which stand for shifts. In 
particular, in the new notation we no longer have to deal with two daggered adjoints * X and X\ 
but only with the dual matrix factorisation X y . The basic properties of this setup are worked out 
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in Section 7.2 which shows that £Gk is pivotal "up to shifts". We will also see in Section 9 that this 
notation allows us to unambigiously translate TFT correlators into computable 2-morphisms. 

The new convention is as follows: a wiggly line with label a G Z in a domain associated to an 
object (R = k[xi, . . . , x n ], W) £ CQk represents R[a], that is, the ring R shifted by a. A wiggly line 
in an i?-domain with no label represents R[n], where n is the number of variables in R. 

Recall that for a 1-morphism X : (R,W) — > (S,V) in CQk with R = k[xi,... ,x n ] and S = 
k[zi, . . . , z m ] we have *X = X v 0$ S[m] and X* = R[n] ®r X v . In the new notation we use the 
following presentation for the adjunction maps defined earlier: 



ev x 



evx 



. t 



A 



w 



coevx 



A 



: X ® R X f — > A v , coev x = : 



Ai 



X 



Or 



A 



w 



X ] 0c X . 



(7.1) 



The Zorro moves for the left and right adjoints now read 







The value of a diagram is computed in the same way as before, by tensoring horizontally and 
composing vertically, with shifted rings inserted in the tensor products according to their appearance 
in each horizontal slice of the diagram. If unlabelled, a cap or a cup is associated with the appropriate 
kind of evaluation or coevaluation, and a downwards oriented solid line labelled by a 1-morphism 
X represents the dual factorisation X w . 

There are several ways for wiggly lines to meet in a diagram. For example they can "annihilate" 
or be "created in pairs" , i. e. we have maps 



: R[a] <g> R R[a] — > R, 
These maps satisfy the identity 



ri <K> r 2 i — > rir 2 



: R — ► R[a] ®r R[a] , 1 i — > 1 <g> 1 . 



a a) as S a 



Secondly, wiggly lines can cross a 1-morphism X : (i?, W) — > (S, V). There are morphisms 
: S[a] ®s X — ► X ®r R[a] , 1 ® 7? i— »• (-l) aM r] ® 1 , 

X 

:X® R R[a} ^S[a]® s X, rj 1 i— »• (-l)^! ® rj . 



Using these maps we can freely move wiggly lines around (while paying attention to signs). In 
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particular there are variants of the adjunction maps in (7.1) where the wiggly lines enter the vertex 
from different directions. For example we define 



vj v yj 




Labelled wiggly lines can cross each other, giving rise to maps of the type 

: R[a] fi R[b] — ► R[a] ® R R[b] , n ® r 2 i— >• (-l) a6 r 2 ® ri . 
For a = b mod 2 such a crossing can be "resolved", i. e. we have the following identity: 

X =(_1)a 

a / \a as \a 



(7.2) 



Let W e R = k\ z±, . . . , z m ] be potentials and X E hmf(/c[x, z],V — W). 

Then there is an isomorphism of matrix factorisations 

X^[m + n] = X v '[n][m + n] ^X v [m] ^ ] X . 

Using X^[m + n] = i?[m] ®^ i?[n] <8>_r X^ this has a simple diagrammatic presentation: 



qx ■-- 



R[m] ® R R[n] ® R X^ —> ^X, q(u) = (-1) 



m\v\ 



(7.3) 



7.2 Pivotality 

In this section we clarify the relation between the adjunctions given by ev^, coevx and evx, coevx. 
Of particular importance are the identities (7.12) and (7.13) which we will later need for applications 
in Sections 8 and 9, e. g. to prove the Cardy condition. 

As mentioned in the Introduction, the adjoint X^ of a 1-morphism X is interpreted as describing 
the same defect condition as X but with the opposite orientation. Since reversing the orientation 
twice is doing nothing, it is natural to expect that X" should be identified with X, in a suitable 
sense. In the categorical approach to rational conformal field theory (conjecturally related to Landau- 
Ginzburg models via the CFT/LG correspondence) this is made precise by the result which states 
that in this setting there is always a pivotal structure, i. e. a natural monoidal transformation 5 
between the identity and the functor (— )tt . This implies in particular that the left and right adjoints 
are isomorphic. 

The story for the bicategory CQt is subtler, as we only expect the left and right adjoints of X 
to be isomorphic when the number of variables in the regions on either side of X agree mod 2. This 
is the case, for example, when X is an endomorphism of an object of CQk- See Remark 7.3 for the 
construction of an isomorphism between X and X" in the case of equal variable parity. 

In general we do not phrase the discussion in terms of an isomorphism between X and its double- 
adjoint, but in terms of the relationship between the left and right adjoints. We have specified in (7.3) 
above a choice of isomorphism q between the left adjoint and a suspension of the right adjoint of 
any 1-morphism. We show in Proposition 7.1 below that these isomorphisms possess nontrivial 
properties that we might call "pivotality up to shifts" . These properties are what will be important 
in applications. 
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To explain what we mean, we first recall a formal result of category theory. If X : W — > V 
and Y : V — > U are 1-morphisms in CQk then ® Y^ and ^X ® ^Y are right and left adjoint to 
Y (g) X, respectively, and so by uniqueness of adjoints there are canonical isomorphisms 

si : (y ® x) f ^ x f ® y f , if:t(y(x)i) Atigtr. 

Concretely, we define these morphisms by the diagrams 

X Y X Y 




Y ®X 



Y ®X 




Note that this graphical presentation makes it manifest that the above two maps are indeed iso- 
morphisms in CQk- applying the Zorro moves one checks that their inverses are given by copies of 
themselves rotated by 180 degrees and with the wiggly lines suitably rearranged. 

One can ask whether or not these isomorphisms 3t,££ are compatible with the isomorphism q 
which exchanges left and right adjoints, and this is precisely the content of the next result. For the 
statement, we let W € R = k[xi, . . . , x n ], V £ S = k[zi, . . . , z m ], U G T = k[yi, . . . , y p ] be potentials 
and X G hmf(k[x, z], V - W) and Y G hmf(%, z], U - V). 

Proposition 7.1. (i) For any morphism <p : Z — > X in hmf(k[x, z], V — W) we have 

Z Z Z Z 




X X 
(ii) The following identity holds true: 




X 




Y®X 




(7.4) 



Y ®X 



Proof. Part (i) follows in a standard way by applying Zorro moves together with the "morphism 
migration properties" of Proposition 5.18. 

Regarding part (ii), we claim that the equality (7.4) is equivalent to the commutativity up to 
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homotopy of the diagram 

R\p] ®R[n] ® (y®X)t - 
(-i) m ,« 



(2) R[m] <g> i?[m] i?[n] <g> (X^ ® y f ) 



(i2[m] ® i?[n] ® Xt) ® (%] ® 5[m] yt) 



<1Y®X 



(7.5) 



.2? 



tX(8 f y. 



This is an exercise in the diagrammatic calculus for wiggly lines. 

As explained in Appendices A and C, the infinite-rank matrix factorisation Y <g> X of U — W 
over is homotopy equivalent to a direct summand of a finite-rank matrix factorisation. More 

precisely, the appendix shows that the quotient map 



K :Y®X 



y<g> X :-- 



(y ® k[z] x) ® k[z] k[z]/(d zi v, . . .,d Zm v) 

is a split monomorphism in HMF(/c[x, y],U — W), i. e. there is a morphism £ such that k£ = 1. 

But then the dual n y : (Y ® A) v — )• (y ® A) v is a split epimorphism, and to prove that the 
two sides of (7.4) are homotopic it is enough to prove that they are homotopic after precomposing 
(i.e. inserting at the bottom of the diagram) with the morphism k v . By the morphism migration 
rules of Proposition 5.18 it is equivalent to prove that the two sides of (7.4) are homotopic with 
y <g) X replaced by Y <g> X and the junction labelled ly®x replaced by a junction labelled n. With 
this change on the left-hand side of (7.4) we have (ignoring the suspensions) the map 




(7.6) 



Y®X 



We denote this morphism by M : (Y ® Xy — > X^ ® Y'. Similarly, after adding k v and migrating, 
the right-hand side of (7.4) becomes a morphism : (Y ® Xy — > X< <S> Y<. 

It remains to compute 3£ and and then prove that = (— l) m Jzf. For this let {e{\i be a 
k[x, z]-basis of X, {fj}j a k[y, z]-basis of Y, and {g a } a a fc-basis of k[z]/(dV). Then {fj <S) g a ^i}i,j,a 
is a k[x, y]-basis of Y <8>X. Using the expressions (4.15) and (5.14) together with Lemma 3.5 we find 
that A -1 and coevx in (7.6) send (f q <g> g a e p )* G (Y <g> X) v to 

^(_l)n+|e 3 |+»|/,[+n|e p | g * ^ Ati X)t) n ( ej ® (/, ® 5a e p )*) . 
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Similarly with (4.13) and (5.4) we compute that p~ l and coevy map this to 
y^(_l) n +( m + 1 )l/fcl + l e jl+ rt l/q|+ w l e p 

■ e^> At 2 (X t ® y f ) m (e* 8) /£) ® etf Ati ((Y ® X) ® (Y ® X)t) n (/ fe ® ej ® (/ g ® 9ct e p )*) . 

Here there is a recurrence of the subtlety mentioned in Remark 5.3. Namely, the output of the 
e^/ At2 term is an element of S e = S\ ®& £ 2 , with the component going to act on the fj. which 
is subsequently introduced as an argument of the Ati term, so we keep in mind that this input 
is actually a sum of terms of the form gsfk- 

Next we apply the quotient map k. By naturality of the Atiyah class (Lemma 3.7) the sole effect 
of k on the above is to replace Ati((Y ® X) ® (Y ® X) f ) by Ati((Y ® X) ® (Y ® X)t). This means 
that we are in precisely the same situation as in the proof of the Zorro move for Y ® X, i.e. after 
applying evy^x an d P we are left with 

® <7a%)*) = (-1)H/»I (1 g 5 * ) e * At 2 (Xt ® yt )m(e * g _/■*) . (7 . 7) 

To explain the notation: the output of e is an element of (X' ® Y^) ®gj S e and to this we apply 
the functional 1 ® g* a which sends s ® t € S e to s • 5* (t) (it is the 5^ factors mentioned above which 
become integrated into basis elements ® gpej of Y ® X and by the argument of the Zorro proof 
ultimately fed into 3*). 

Similarly one computes that Jz? is given by 

£{{f q ®g a e p y) = ( 5 * l)s*At!(Xt ® Yt) m ( e ; ® /*) . (7.8) 

We prove now that ffl is homotopic to (— l) m Jz? . The main discrepancy is that M involves At 2 
while ££ involves Ati. In order to match these let Si' be the morphism computed by the diagram (7.6) 
but with the variable ordering z m , z m -i, ... ,z\ on the ring k[z\. By Appendix D, M' is homotopic 
to ( — 1)( 2 )^ so we must prove that 

& = (-l)( m 2 +1 )j^. (7.9) 
Again we need to reduce to finite rank, using the split monomorphism 

K > : ® yt _^ xt g yt = ( X t g yt) g fcH fc[z]/(9 zi V, . . . , d Zm V) 
in HMF(fc[x,y], {7 — W). To prove (7.9) it therefore suffices to prove 

K 'oM' = (-l)( m 2 +1 )«'o^. (7.10) 

Actually we show that these two maps are equal as module maps, not just homotopic. Since 

has a y]-basis consisting of tensors e* ® to prove (7.10) it suffices to prove both sides are 

equal after applying g*j for every (3. In light of (7.7) and (7.8), we have to show 

( 9 ; ® £) e * ff At 2 (Xt ® yt )m(e * g ;*) = (-l)( m 2 +1 )( 5 * 55 ff *) £ x|/ Atl (Xt ® yt r(g * g _/•*) . ( 7 . n) 

Here Vf^ denotes the map computed using the variable ordering z a n\, . . . , z a i m \ with a(i) = m—i+1. 
Let r : S e — > S e be the isomorphism t(s ® s') = s' ® s. It is easily checked that for a € S, using 
the notation of Appendix D, 

T0fl(a) = d^_ m] (a). 

Hence 

e^ CT (dai • • • da m ) = 5^(ai) • •■3^(a m ) = r (<9 [m] (ai) • • • %](o m )) 
and so we compute using the formulas of Section 3, with D the differential on X* ® Y' , 

( 5 ;®^At 1 (xt®Ytr( e ;®/ 9 *) 
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= Cs2 ® sS)t((-i)H*i-h»i/«i ^ {a[m]D . . . V } pVp9 e ;, /*,) 



P 9 >P9 



4 ® # 



= (-i)( m 2 +1 ) {<% ® s*)^ At 2 (xt ® yt)"»( e ; ^ /*) 

which completes the proof. 

Corollary 7.2. For X and Y as above we have 

X Y < X Y 



□ 




i-iy 



Y®X 




(7.12) 



X , Y 



(7.13) 



Y ®X 



Proof. This follows from the previous proposition by applying the wiggly line calculus of Section 7.1. 

□ 

Remark 7.3. In the bicategory CQk the natural candidate for a pivotal structure is 

txt X 



Sx 




ev xt 



ilAV^ A vv [n + n] = X 



vv 



coev^t 




(7.14) 



coevx 



for each 1-morphism X G hmf(/c[xi, . . . , x n , zi, . . . , z m ], V — W). Observing that 5x is simply the 
Zorro map (6.5) with ej exchanged by e?*, it is straightforward to verify that 5x is the canonical 
map given by (<5x(a))($) = cr($(a)) for all a G A", $ G X+, where a : R® k S — >■ S ® k R is the 
linear map that swaps tensor factors. 

For 8 to describe a pivotal structure it must be an isomorphism between X and X^ = X v [n]t = 
A vv [m + n]. This is indeed true "half of the time", to wit whenever m + n is even, and the results 
of this section imply that in this case the properties of pivotality hold. However, when m + n is 
odd X and A" are not isomorphic in general (a counterexample being W = 0, V = z d , A = S*® 2 , 
dx = ( 2 «i -n Z o ) forn^d/2). 
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8. Defect action on bulk fields 



In any bicategory with adjoints which is pivotal up to shifts, in the sense that left and right adjoints 
are related in the way described in Section 7.2, there are natural maps between the endomorphism 
spaces of unit 1-morphisms constructed by "capturing" a 2-endomorphism of a unit 1-morphism 
inside a loop labelled by an arbitrary 1-morphism. Below we present the details for the bicategory 
CQk and give a natural interpretation in terms of defect actions on bulk fields in Landau-Ginzburg 
models. 

Let X £ hmf(fc[xi, . . . , x n , z±, . . . , z m ], V W) as before. In this section when we write Horn and 
End we mean the spaces of 2-morphisms in CQk- We define defect operators 

T>i{X) : End(Ay) — > Hom f Aw, Aw\m + n}) , T> r (X) : End(Aiy) — > Hom (Ay, Ay[m + n]) 
as follows. For eft G End(Ay) and tp G End (Aiy) we set 

T>i{X)(4>) = ev x [m + n] o (l xt ® (Ax ° {(f>® lx) ° A^ 1 )) o cbev x , 

V r (X)(tp) = e~v x [m + n]o (l x <g> (p x o (l x ®if>)o p^ 1 )) o coevx . (8.1) 

Since Hom(A, A[l]) = for any unit 1-morphism A in CQk the operators T>i{X) and T> r (X) are zero 
if m+n is odd, while for even m+n they map to End (Aw) and End (Ay), respectively. In the special 
case where <p = 1 and ip = 1 we obtain the left and right quantum dimensions qdim^(X) = T>i(X)(l) 
and qdim r (X) = V r (X)(l). 

Diagrammatically these definitions read 



Vi{x)(4>) 




V r {X){i>) 




1.2) 



in the nontrivial case, where we use the notation of Section 7.1. 

Remark 8.1. End (Aw) = k[x]/(d x .W) is the Hochschild cohomology of hmf(fc[a;], W) [Dycll]. This 
space also describes bulk fields of Landau-Ginzburg models with potential W, it is a commutative 
Frobenius algebra whose nondegenerate pairing 

(pipdx 



(8.3) 



d Xl W,...,d Xn W_ 

describes 2-point correlators on the sphere, see also Section 9. Furthermore, matrix factorisations of 
V — W describe defect conditions between different Landau-Ginzburg models. Hence the maps (8.2) 
have the natural interpretation in terms of defect operators on bulk fields: for example, a bulk 
field 4> in the theory with potential V is mapped to the bulk field T>i(X)(<f>) in the theory with 
potential W by wrapping around its insertion on the worldsheet a defect line labelled by X, and then 
collapsing this loop onto the insertion point. This limiting process is nonsingular as the bicategory 
CQk describes the purely topological sector of Landau-Ginzburg models. 



Using the "folding trick" , which relates defects to boundary conditions in a product theory, one 
can argue for explicit expressions for T>i(X) and T> r (X) (in particular, from this perspective it is 
also immediate that T>i(X) and T> r (X) should vanish for odd m + n). This was done in [CR12] for 
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the case V = W in one variable. Here we use our adjunction formulas to directly prove it for the 
general case. In addition, we want to allow for the additional decoration with a map : X — > X 
for which we define the following variants of the operators T>i(X) and D r (X): 





•4) 



Proposition 8.2. For any X e hmf(k[xi, 
and tp G End(Aiy) we have 

Vf{X){<t>) = (-l)CJ 1 ) Res Mx , 2]/fcH 
V*{X)ty) = (-1)(^ +1 ) Res fcM/fcH 



...,x n ,zi,...,z m ],V- W), $ € End(Jf), £ End(Ay) 

0(z) str ($ iS^dx . . . S^d* d Zl d x ■ ■ ■ d Zm d x )dz 
d Zl V,...,d Zm V _ 

ijj(x) str ($ • • • d^d* d zi d x ■ ■ ■ d Zm d x )dx 

d xl w,...,d Xn w 



Proof. We treat the case of T>f(X) in detail, the argument for T>f(X) is similar. Since End (Aw) = 
k[x]/(d Xi W) and End(Ay) = k[z]/(d Zi V) we are free to identify the variables on both sides of the 
unit 1-endomorphisms at appropriate places. Furthermore, p x will project out all non-zero degree 
contributions coming from the action of p^ 1 , so p x o (l x ® tp) o p~^} is simply multiplication by the 
polynomial tp(z). 

In the lower part of the expression for T>f(X)(ip) in (8.4) we have using (5.17) 

coevx(l) = ^(-l)( 2 )<9[i]dx • • • d[m]dxej <g> e* . 
j 

Next we apply ^ and evv. Since the latter maps back to Ay we may set du]d x = d Zi d x . Thus 
we obtain 



P*(X)(^) = (-l)( m 2 +1 )Res fc[ . 



x.zjk z_ 



ip(x) str ($ d Xl dx • • • c^dg d 2l dx ■ ■ ■ d Zm d x )dx 
d xl W,...,d Xn W 



O(0) 



Here we collectively denote the contributions from ev x of non-zero degree in the Koszul complex 
Ay by O(0). Since we know that T>f(X)(ip) is a morphism in End (Ay) = k[z]/(d Zx V) it follows 
that O(0) must be null-homotopic, thus concluding the proof. □ 

Corollary 8.3. For any X e hmi(k[x, z],V - W) the operators T>i(X) and V r (X) are adjoint 
with respect to the pairings (8.3), i. e. we have 

(V l (X)(ct>),^) w = {cf>,V r (X)&)) v (8.5) 

for all (j) G End(Ay) and ip € End(A w ). 

Proof. This directly follows from the explicit expressions for T>i(X), V r (X) and (— , — ~) w , ( — > — )y 
together with the transitivity rule for residues. □ 

Remark 8.4. We recall the physical interpretation of the relation (8.5). Both sides of this equation 
are 2-point correlators on the Riemann sphere, with a defect line labelled by X wrapped around 



51 



Nils Carqueville and Daniel Murfet 



counterclockwise the bulk field <j), or wrapped around tp in clockwise fashion. That both correlators 
should be equal follows from the fact that the topological defect can be moved around the sphere 
at no cost: 




Defect operators satisfy the following compatibility conditions: 

Proposition 8.5. Let W e k[xi,...,x n ], V e k[ Zi, . . . , z m ], U (E k[yi, . . . , Up] be potentials and 
Y € hmf(%, z], U - V), X e hmf(fe[s, z], V - W). 

(i) 2?,(A) = l = V r (A). 

(ii) Vi{X) = V r (X y ) and V r (X) = P/(X V ). 

(iii) V t (X) o Vi(Y) =V l {Y® X) and V r {Y) o V r (X) = V r (Y ® X). 

(iv) T>i(X[o\) = (-l) a Vi(X) and V r (X[o\) = (-l) a V r (X) for aeZ. 

Analogous results hold for the operators T>f,T>f decorated with endomorphisms of X and Y. 

Proof, (i) is a direct consequence of Proposition 8.2 and the results of [KR04, Section 5.1, Eq. (21)] 
while (iv) is trivial. 

(ii) : By the argument of Remark 5.16 reordering the partial derivatives of dx^ leaves V r (X v ) 
invariant up to a sign. Together with (dx^)ij = (— l)' ei '(dx)jj one checks that the claim then follows 
from Proposition 8.2. 

(iii) : We give the proof for T>i, the other case is analogous. We assume that n,m,p all have the 
same parity, otherwise the operators on the left hand side are not composable. The basic argument 
is a standard calculation with string diagrams. There are however slight modifications needed due 
to the fact that CQk is only "pivotal up to shifts" as discussed in Section 7.2. 

We start by writing T>i{X) o T>i(Y) as 




where we used the Zorro moves to re-express the identity onY®!, and here and below we do not 
display the argument of the defect operators. Now we are in a position to apply Corollary 7.2 to 
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the lower part of the diagram on the right-hand side to find that T>i{X) o T>i(Y) is equal to 




Y ® X 



Next we employ the calculus of wiggly lines, in particular the identity (7.2), in conjunction with 
the Zorro moves to find that the above equals 




Y®X 



Y®X 



thus ending the proof. 



□ 



9. Open/closed topological field theory 

In this section we describe how the structure of two-dimensional open/closed topological field theory 
(TFT) is completely captured in the bicategory CQk- We will see how all TFT data are naturally 
encoded in string diagrams that directly translate the physical intuition into straightforwardly 
computable 2-morphisms. More generally, this allows for the computation of any correlator (of 
worldsheets of arbitrary genus, possibly with boundaries and defect lines). As an example we will 
compute an annulus correlator, thereby providing a new, simple proof of the Cardy condition. 

Recall from [LazOl, MS] that one way to present a two-dimensional open/closed TFT is by the 
data of 

— a commutative Frobenius algebra C, 

— a Calabi-Yau category O, 

— bulk-boundary maps /3 a '■ C — > Endo(A) and boundary-bulk maps f3 A : Endo(^) 



C for 



all AeO. 

These data are subject to the following conditions. 

— The bulk-boundary maps (3a are morphisms of unital algebras that map into the centre of 
Endo(yl). 
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— Pa and (3 A are mutually adjoint with respect to the nondegenerate pairings (— , — ) on C and 
(— , — )a on Endo(A) (which are part of the Frobenius and Calabi-Yau structure): 

(p A {ck)^)A = ^p A m 

for all e C and ip € Endo(A). 

— The Cardy condition is satisfied, i. e. we have 

str(^) = (/3 A (^),/3 B (^)) 
for all (p : A — > A, ifi : B — > B where ^m v (a) = ipottp for all a G Homo (A, B). 
Every Landau-Ginzburg model with potential W £ R = k[xi, . . . , x n ] gives rise to an open/closed 



(3 X :^ 



TFT with C = R/{dW), O = hmf(R, W) 

fix ■ <t> 1 — ► 4> ■ lx , 
and the bulk and boundary pairings 

(0i,02) = Res k [ x ]/ k 

(lpl,1p2)x = R.«Sfc[a,]/Jfc 



(-!)( 2 )str^a xi dx...9x„a!x) 



0102 dx 



str(-0iV ; 2 5 Xl dx • 



■ <9 Xn (fx)dx 



(9.1) 

(9.2) 
(9.3) 



d Xl W,...,d Xn W 

The hardest part in establishing this result is to prove the nondegeneracy of the Kapustin-Li pair- 
ing (9.3) and that the Cardy condition holds (the fact that (9.2) is nondegenerate is a classical 
result in residue theory, and checking the remaining axioms is obvious or straightforward); this was 
first done in [Mura] and [PV], respectively, in the case where k is a field. In Section 11 and at the 
end of this section we will give (new) proofs for the general case. 

Before turning to the Cardy condition we wish to explain how the above data can be extracted 
from the bicategory CQ k using the powerful and suggestive string diagram language. 2 For X € 
hmf(i2, W) the bulk-boundary and boundary-bulk maps (9.1) are given by 




/9x(0) 



0* - 



X 



/3 X (V0 




where we used the identification Rj (dW) = Endh m f (r,w) i^w) an d a special case of Proposition 8. 2. 3 
Another special case of the same proposition allows us to recover the Kapustin-Li pairing as the 
obvious 2-morphism representing the disk correlator: 




2 Note however that CQu contains much more information than just the structure of open/closed TFT. 

3 As a side remark we observe that the Chern character ch(X) = /? (lx) can be thought of as the exponential of the 

associative Atiyah class of X as follows from the expressions (5.5) and (5.7) that compose to ch(X). 
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Note that here and from now on we do no longer display dashed lines for the unit 1-endomorphism Ayy. 

The bulk pairing (—,—} = (—,—}w describes the 2-point sphere correlator; flattening the sphere 
suggests the identity 




where we view Ayy as a 1-morphism (fc,0) — > (R e ,W), i.e. as a boundary condition of the dou- 
bled theory with potential W(x) — W(y). The above equality indeed holds as follows from our 
explicit expressions for the adjunction maps together with [PV, Proposition 4. 1.2]. A more concep- 
tual derivation of (9.4) would involve to endow the bicategory CQk with a monoidal structure (so 
as to give rigorous meaning to the process of folding worldsheets together, i .e. tensoring objects in 
the bicategory CQk)- 

We have just seen how the structure of open/closed TFT embeds into CQk- In principle this 
is enough to compute arbitrary correlators using the factorisation property of TFT. However, one 
can also compute more general correlators directly in CQk'- all we have to do is to interpret the 
physical picture of a worldsheet E with insertions and defect lines as the associated string diagram 
representing a 2-morphism k — > k which is the value of the correlator of E. 

As an illustrative example let us consider the genus-3 correlator of the worldsheet with two 
phases governed by the potentials V and W, depicted in the upper part of Figure 9.1. Here we label 
boundaries, defect lines, bulk fields, boundary fields, defect fields by Y, X, 0, -0, 3> with appropriate 
indices, respectively. The string diagram computing this correlator is shown in the lower part of 
Figure 9.1. It is exactly the same as the worldsheet picture, apart from the fact that we interpret 
the relevant parts as evaluation and coevaluation maps, and if the numbers m and n of variables on 
which V and W depend are both odd then we use the wiggly line notation explained in Section 7.1. 4 
We point out that in general the nature of the 1-morphisms/defects involved determines uniquely 
whether a given cup or cap is a tilded or untilded adjunction map. There may be ambiguities how 
to make wiggly lines meet, but the value of the 2-morphism obtained is independent of this choice. 

9.1 Cardy condition 

The diagrammatic language for adjunctions in CQk enables us to prove nontrivial statements about 
matrix factorisations in a way that follows the physical intuition. Moreover, since the diagrammatics 
work over an arbitrary noetherian Q-algebra k, any statement about matrix factorisations that can 
be proven using diagrams automatically extends from the absolute case k = C to families (viewing 
e. g. k = G[t%, . . . , td] as the base space of a deformation). 

As an example we give a new proof of the Cardy condition by thinking about the possible ways 
of computing the value of a decorated annulus. For Landau-Ginzburg models the Cardy condition 
was recently proven using different methods for k a field in [PV] , and there were subsequent proofs 
in [DMb, BvS]. 

We fix a potential W £ k[x] = k[x%, . . . ,x n ], matrix factorisations X, Y G hmf(/c[x], W), and 



4 Note that if m and n have opposite parity then by the results of Section 8 the correlator vanishes as it corresponds 
to a map in Hom hm f( fc|0 ) {k, k[l]) = 0. 
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coevyj 



Figure 9.1. A genus-3 worldsheet and the 2-morphism in CQk computing its correlator 
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two morphisms (f : X — > X, tp : Y — > Y. Then the 2-morphism 



evy 




coevy 



is a map k — > k, i. e. an element of k, that we call C. We can think of C as the value of the annulus 
correlator with boundary conditions X, Y and boundary fields ip, ip. 

There are two natural ways to compute the value of (9.5). One possibility is to first collapse the 
X-loop to obtain a "W-bubble" , and then to collapse the boundary loop of this bubble to arrive 
at a scalar. The main result on defect actions (Proposition 8.2) shows that the first step produces 
the 2-morphism (-1)(T) str^Ax) G End(Ajy) where A z = d Xl (d z ) ■ ■ ■ d Xn {d z ) for Z G {X,Y}. 
Similarly, the second step of collapsing the Y-loop produces a residue: 




We observe that this expression vanishes unless n is even. Writing /? (<p) = (— 1)( 2 ' str((^Ax) and 
(3 (tp) = (—I)*- 2 ' str(?/Ay) for the boundary-bulk maps we thus find from the above that 



C 



Res 



k[x]/k 



P x (y) p Y (VQ dx 

d x w,...,d n w 



(9-6) 



A second way of computing C is to inflate the A-loop in (9.5) and fuse it with the outer y-loop, 
creating a single loop labelled by X y ® Y G End£g fc ((/c, 0)). Rigorously, this process is described by 
the series of equalities 






where in the first step we use Proposition 8.5(h) to reorient the inner loop, and in the second step we 
use (hi) to fuse the two loops (note that the proof of (hi) relies on Proposition 7.1). The complexes 
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X v ® Y and Hom(X, 1") are isomorphic, so 





str(^m v 



(9.7) 



Hom(X, y) 



where 



€ Endfc(Hom(X, y)) is the operator that sends a to t/) o a o <^9. 



The value of an oriented loop labelled by a finite-rank Z^-graded fc-complex F with the insertion 
of a morphism of complexes <f> : F — > F is easily checked to be the supertrace of <f>. If k were a field 
the infinite-rank fc-complex Hom(X, Y) would be isomorphic, in HMF(fc, 0), to the finite-dimensional 
Z2-graded vector space H* Hom(X, Y) with zero differential, and the value of (9.7) would be the 
supertrace of the action of ^m^ on this cohomology. 

In general Hom(X, Y) is not isomorphic to its cohomology, but it is at least a summand in the ho- 
motopy category of a finite-rank Z^-graded free A:-module and therefore any operator on Hom(X, Y) 
has a well-defined supertrace. Indeed, once we choose such a split embedding of Hom(A, Y) in some- 
thing finite-rank, the supertrace can be computed by writing out the diagram (9.7) as a series of 
morphisms, using the evaluation and coevaluation maps for infinite-rank objects produced in Ap- 
pendix C from a choice of embedding. 

Comparing (9.6) and (9.7) we arrive at: 

Theorem 9.1. The Cardy condition holds in CQ^'- given 1-morphisms X, Y E hmf (k[xi, . . . , x n ], W) 
and 2-morphisms ip : X — > X , ip : Y — > Y we have 

(-!)«*) H^J^W^l 



str(^ 



diW,...,d n W 



with ^m^{a) = ip o a o ip for a G Hom(X, Y). 



Remark 9.2. The Cardy condition also holds if one or both of the maps ip,ip are odd (which we 
present as morphisms X — > -^[1] m £Qk)- The proof of this fact proceeds similarly to the above. 



10. Shadows 

The adjunctions in CQk afford us the construction of a bicategorical trace in terms of shadow 
functors [P10]. We will also see that shadows allow to recover and generalise the boundary-bulk and 
bulk-boundary maps of the two-dimensional topological field theories based on Landau- Ginzburg 
models. 

Definition 10.1. A bicategory B has shadows if there is a category C together with functors 

((-)) : B(A,A) — > C 

for every object A G B such that there are natural isomorphisms 9 : ((X <S) Y)) — > ((Y ® X)) for 
every pair of composable 1-morphisms X, Y, and the diagrams 

(((x z)) {{z (x <g> y))) Q «(z y)) 

<(«» e 

{{x ® (y ® z))) (((y ®z)® x)) ((y ® (z ® x))) 
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«p» 



«p» 



and 

((x ® i A )) ((i A ® x)) -?-> ((x ® i A )) 

commute whenever they make sense. 

Proposition 10.2. The bicategory CQk has shadows given by 

((-}}: CG k {(R,W),(R,W)) — ►hmf(M), 

Z i — i? 

with the isomorphism : ((X® Y)) — )• ((Y®X)) induced by the graded swap map X®Y — > Y®X. 

The proof is a straightforward check of the axioms, made especially easy by the fact that ((— )) 
is simply defined as tensoring with the actual diagonal R. Note however that this is homotopy 
equivalent to tensoring with the unit matrix factorisation A\y. 

Since CQk is a bicategory with adjoints and shadows it is automatically equipped with a 2- 
categorical trace operation as introduced and discussed at length in [P10, PS]. We only quote the 
definition: 

Definition 10.3. Let B be a bicategory with shadows and 1-morphism Y with left adjoint >Y. 
Then the trace of a 2-morphism ip : X ® Y — > Y ® Z is the map 

{{x}} {{mcocVY)) , ax ® y ® ty» ^ «y ® s ® ty» -*-> «ty ® r ® (<cvy — » ■ 

Next we wish to point out a connection between shadows and the structure of two-dimensional 
open/closed topological field theory (TFT) for Landau-Ginzburg models. For this we merely observe 
that the bulk-boundary and boundary-bulk maps (9.1) can also be recovered from the adjunction 
and shadow structure of CQk as follows. On the one hand we have 

((A w )) = R/(dW)[n] 

since ((Aw)) = Aw ®#e R = (A(©iLi -K^i)) Yl7=i ^xiWOj) which is homotopy equivalent (and 
therefore equal in hmf(fc,0)) to R/(dW)[n]. On the other hand ({X* ® X)) = X v ® fc X ® jR c R = 
End/j(X) for X € hmf(i?, W). Thus from the explicit expressions in Section 5 we find that fix = 
«coevx» and p x = ((ev x )). 

Motivated by the above this construction can be extended to any 1-morphism in CQk- for X € 
hmf(A;[xi, . . . , x n , z\, . . . , z m ], V — W) we define the generalised bulk-boundary and boundary-bulk 
maps to be 

Px = ((CoTvx)) : ((Aw)) — > «*t ® *)) , /3 X = ((ev x )) : ({*X ® X)) — > ((Aw)) , 

respectively. Substituting the expressions for the adjiunction maps in Section 5 we find that the 
form of /3x stays the same while for m/0 the generalised boundary-bulk map (3 involves a residue 
and additional derivatives d Zi dx- 

Px : k[x]/(dV)[n] — ► End fc[M (X)[m] , 
(j) i — ► 4> ■ l x [m] , 
p X : End fcM (X)[m] — ► fc[x]/(a^)[n] , 

fm+l\ 

> (-l)v 2 ^Res fek 



z]/fc[x] 



str (^ c^jg • • • ggijx • • • d Zm d x )dx 

d Xl w,...,d Xn w 



59 



Nils Carqueville and Daniel Murfet 



11. Duality via adjoint operators 

Let k be a noetherian Q-algebra and R = k[x\, . . . ,x n ]. If A; is a field then we know from [Mura, 
DMa] that for any polynomial W with an isolated singularity, the Kapustin-Li formula gives a 
nondegenerate pairing on the mapping spaces of the triangulated category of matrix factorisations 
of W over R. In this section we prove the analogue of this result for an arbitrary base k. In particular, 
the mapping spaces of the triangulated category will not be flat over k, so we work instead with 
dg-categories. 

Given W € R and two finite-rank matrix factorisations X, Y of W let Hom(X, Y) = Hom#(A, Y) 
denote the Z^-graded Horn-complex. We define a natural /c-bilinear pairing 

(-, -)xy ■ Hom(X, Y) ® k Hom(Y, X) — »• k[n] 

by the following formula, where Aj = d Xi dy, u) = dxi . . . dx n and fa = d Xi W: 

(cp,^) XY = l ^(-l)H ReSfl/fc 

In order to be able to define this residue we require that the partial derivatives fi form a regular 
sequence / = {/i, . . . , f n } in R and that R = Rj (fx, ... , f n )R is a finitely generated free fc-module. 
One can show that, up to homotopy, the pairing is unaffected if we replace Aj by any null-homotopy 
for the action of d Xi W on Y, and that we need not symmetrise over permutations; see Appendix B. 
Such a pairing is homotopically nondegenerate if the adjoint morphism of Z^-graded complexes 

Hom(X,y) — ► Hom fc (Hom(y,X),A;)[n] , 
if I > (ip, -)xY 

is a homotopy equivalence over k. The main theorem here is that in complete generality: 
Theorem 11.1. The pairing (—, —)xy js homotopically nondegenerate. 

The proof of the theorem takes up the rest of this section. We argue that Hom(X, Y) [n] and 
Homfc(Hom(y, X), k) are homotopy equivalent by showing that they respectively split idempotents 
on 

Hom(A > , Y) = Rom(X, Y) ® R R (11.2) 

and 

Hom fc (Hom(T, X), k) = Hom fc (Hom(Y, X) ® R R, k) (11.3) 

in the homotopy category of Z^-graded /c-complexes. There is an isomorphism 

Hom(A > , Y) ^ Hom fc (Hom(Y, X), k) (11.4) 

of complexes which identifies these idempotents, and from this the theorem will follow. The existence 
of the isomorphism (11.4) is an easy consequence of the fact that R is Frobenius over k. The hard 
work lies in showing that this isomorphism identifies the two idempotents, and for this we need to 
carefully study adjointness between operators on dg-categories. Thus the first part of the proof, in 
Section 11.1, consists in formalising this kind of adjointness. 

11.1 Adjoint operators on dg-categories 

In this section ® denotes Let C be a Z^-graded dg-category over k equipped with the data of a 
fc-linear morphism of complexes 

cxy '■ C(X, Y) (g) C(Y, X) — ► k 



strjg o o A ff(1) o . . . o A ff(n) ) u 

fl > • ■ ■ j fn 
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for each pair of objects X, Y in C. When it is convenient we write {a, (3) for cxy (a<S)/3). Throughout 
the differentials on the C(X, Y) and their tensor products are denoted D. 

Definition 11.2. We say that the family of pairings {cxy}x,YeC is 
(i) cyclic if for all X, Y the diagram 

C(X, Y) ® C(Y, X) ► C(Y, X) <g> C(X, Y) 




commutes, where r is the graded twist r(<p <8> ip) = (— 1)' </3 "^'V ® V?; 
(ii) nondegenerate if for all X, Y the morphism 

Cxy : C(X, Y) — ► Hom k (C(Y, X), k) , 
<p i — > c X y(p <8> -) 

is an isomorphism of complexes. 

Prom now on we assume C is equipped with a cyclic nondegenerate pairing. In this section an 
operator is a closed homogeneous fe-linear operator on some mapping complex C(X, Y) in C, that is, 
a closed homogeneous element of the complex Homk(C(X,Y),C(X,Y)). We are interested in linear 
operators on the C(X,Y) and adjunctions between them, with respect to the pairing. 

Recall that if ^ is homogeneous then 1 <g> \l/ acts on tensors with Koszul signs. 

Definition 11.3. An operator $ on C(X, Y) is adjoint to an operator * on C(Y, X) if both $ and ^ 
are homogeneous of the same degree and the diagram 

C(X, Y) ® C(Y, X) m * ) C(X, Y) ® C(Y, X) 

cxy 



c(x, y) ® c(y, — ► fe 



commutes up to homotopy. Equivalently, there is a /c-linear degree |<3?| + 1 morphism 

H : C(X,Y)®C(F,X) — >• k 

with the property that [D,fi] = cxy o(l®\I/) — cxy o($®l). Evaluated on homogeneous morphisms 
a, /3 this identity reads 

(-l)l*I^Z»(«<8»/3) = (-l)HI*l(a,*(/3)) - <<&(<*), £>■ (11.5) 

We will show in a moment that this type of adjointness is symmetric in <E>, ^ so there is no need 
to distinguish between left and right adjoints. If ^ is a homogeneous operator on C(Y, X) then 
is the operator on Rom k (C(Y, X), k) defined by **(/) = (-1)1/11*1/ o 

Lemma 11.4. An operator $ is adjoint to ^> if and only if the diagram 

C(X,Y) >Rom k (C(Y,X),k) (11.6) 



C(X, y) ► Bom k (C(Y, X), k) 

commutes up to homotopy. 
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Lemma 11.5. An operator <3? is adjoint to \l/ if and only if \& is adjoint to <£. 



Proof. By naturality of the graded twist r and the cyclicity axiom for cxy ■ 



□ 



Lemma 11.6. Any operator <I> admits an adjoint, which is unique up to homotopy. 



Proof. This follows from commutativity of (11.6). 



□ 



Definition 11.7. Given an operator we denote by & the adjoint of 

Since the adjoint is only well-defined up to homotopy it is implicit that in any identities involving 
the dagger notation we are working with homogeneous operators up to homotopy (to be clear, odd 
operators are homotopic if they differ by [D, a] for an even operator a). 

The following basic properties of adjoints are easily checked. 

Lemma 11.8. (i) Let 3>i,3>2 be operators on C(X,Y) and C(Y,Z) respectively Then 



(ii) If $i, $2 are operators on C(X, Y) of the same degree, then ($i + $2)^ = $4 + 
11.2 Skew-symmetry of the Atiyah class 

Now we apply this general theory to the dg-category of matrix factorisations. In order to introduce 
the Atiyah classes, which are interesting examples of adjoint operators on this dg-category, we need 
R to be equipped with a connection. For R = k[xi, . . . , x n ] it may be necessary to pass to the 
(/x, . . . , f n )-adic completion to ensure the existence of a connection, so for the next two sections we 
work instead with an arbitrary noetherian fc-algebra R, W € R, satisfying: 

(HI) / = . . . , f n } is any regular sequence in R with the property that multiplication by fi is a 
null-homotopic endomorphism of X, Y £ hmf (R, W) for 1 ^ i ^ n, and Aj € Hom(Y, Y) is a 
null- homotopy, that is, an odd operator with [dy, Aj] = /j • ly. 

(H2) R = R/{f\, . . . , f n )R is a finitely generated free fc-module. 
(H3) R admits a flat fc-linear connection 



is an isomorphism. 

In this situation the pairing (11.1) still makes sense and we prove that it is homotopically nonde- 
generate in Proposition 11.17. The theorem follows by passing from k[x\, . . . , x n ] to the completion, 
which satisfies (H1)-(H4) above. 

We let C denote the dg-category whose objects are finite-rank matrix factorisations of W and 
whose mapping complexes are given by the quotients 



While the ordinary dg-category of matrix factorisations only admits a pairing which is homotopically 
nondegenerate, this (linear) quotient C admits a cyclic nondegenerate pairing in the stronger sense 



(# 2 o$!)t = (-l)l*iH*al$t $t. 



(H4) 



as a /c[/]-module, which is standard in the sense of [DMb, Definition 8.6]. 
There is an re-form uj € such that the i?-linear map 

R — > Bom k (R,k) , 




C(X, Y) = Hom(X, Y) = Hom(X, Y)® R R. 
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explained above. To define it, let 

(-} : R — >■ k 

be the /c-linear map 

(r) = Res R / k 

This map annihilates the ideal (/i, . . . , f n )R and therefore factors via a /c-linear map R — > k. 
Proposition 11.9. The pairing on C defined by 

(-, -) c : Hom(X, Y) ® Hom(y, X) — > k , {if, = (str(^ o i/,)) 
is cyclic and nondegenerate in the sense of Definition 11.2. 
Proof. The pairing factors as 

Hom(X, Y) <g) Hom(y, X) > Hom(y, Y) — R H > fe (11.7) 

so it is clear that it is a closed fc-linear map, and moreover cyclicity follows from the cyclicity of the 
supertrace. Nondegeneracy follows from hypothesis (H4) and the following calculation, in which the 
first step is adjoint to the composite of the first two maps in (11.7) with ® replaced by <S>^: 

Rom R (X, Y) ^ Hom fi (Hom(y, X), R) 

^ Hom JJ (Hom(F,A > ),Hom fc (i?,A:)) 
^ Rom k (Rom(Y,X),k) . 

□ 

We have in mind two special classes of operators on the dg-category C. The first arises because 
the fi act as zero on the cohomology of C but via nonzero maps on the dg-level. In what follows let 
X, Y denote finite-rank matrix factorisations of W. 

Definition 11.10. We define the odd operator A* on Hom(X, Y) by 
and the odd operator Aj, on Hom(y, X) by 

Observe that composition with Xi is not a closed map on Hom(X, Y) but is closed as an operator 
on Hom(X, Y). These operators give the simplest example of an adjoint pair: 

Lemma 11.11. The operator A* is adjoint to Aj.. 

Proof. The identity (11.5) holds with fj, = 0, since 

(A,.(a),/3) c = (str(Ai.(a)o/3)} = (-1)^1 (str(a o A, o 0)) = (-l)M (a, A'(/3)) c . 

□ 

The second class of operators are the components of the Atiyah class. Our reference for Atiyah 
classes is [BF03], see also [DMb, Section 9]. Recall that by hypothesis (H2) the ring R admits a flat k- 
linear connection V as a fc[/]-module. The components of V define fc-linear operators dh = (d/j)*oV 
on R with the property that [<9j. , fj] = dij. 
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Any free R- module admits a /c-linear connection over k[f]. For convenience choose homogeneous 
i?-bases {ej}j for X and {ej}j for Y respectively. Then the maps ej, = e,- o e* form an i?-basis for 
Hom(A, Y) and the induced /c-linear connection over k[f] is defined by 

V = Vxy ■■ Hom(X, Y) — > Hom(X, Y) ® fc[/] ^, [/]/fc , 
re, j i — ► e^j ® V(r) . 

In contrast to Section 3.1 the connections here do not have sign contributions from the Z^-grading, 
so V satisfies the usual Leibniz rule rather than the graded Leibniz rule, and V is given degree zero 
for the purpose of computing graded commutators. 

The connection has components df. defined by d^ireji) = dt^r) -e^ which are /c-linear operators 
on Hom(A, Y). The Atiyah class of Hom(A, Y) is the commutator 

At = At XY = [D,V]= DoV -V oD : Hom(A, Y) — ► Hom(X, Y) ® fc[/] £l\\f\/k 

where D is the differential on Hom(A, Y). The Atiyah class is a -linear closed map of degree one 
whose homotopy class is independent of the choice of connection, and therefore independent of the 
basis chosen for X, Y. It is important to distinguish this kind of Atiyah class from the associative 
Atiyah classes introduced in Section 3 and used in the rest of the paper; the distinction is that 
here we use ordinary commutative differential forms, whereas associative Atiyah classes are defined 
using noncommutative forms. 

In terms of the components: 

Definition 11.12. For 1 ^ i ^ n the components At, = \D,df^\ of the Atiyah class define /c-linear 
closed operators of degree one on Hom(A, Y) which are canonically defined up to homotopy. 

Conceptually, duality in the dg-category of matrix factorisations arises from the fact that these 
operators are skew-symmetric. To prove this we need the following Leibniz rule for Atiyah classes. 

Lemma 11.13. For homogeneous a £ Hom(Y, Z) and /3 6 Hom(A, Y) 

Ati(a o p) = Ati(a) o (3 + (-l)N a ° At^/3) + [g, D](a ® /3) (11.8) 
where g(a (g> /3) = di(a) o j3 + a o di(/3) — di(a o /?). 

Proof. If Vyz, Vjfy respectively denote the connections on Hom(Y, Z) and Hom(A, Y) then 

Vy Zi iy(a g) /3) = V Y z(a) ® /3 + a <g> Vxy(P) 

defines a connection on Hom(Y, Z) ®k[f] Hom(A~, Y). With Atyz,XY = [D,Vyz,Xy] it follows from 
naturality of the Atiyah class that the diagram 

Hom(Y, Z) ® fc [/] Hom(A, Y) ► Hom(X, Z) 



At-s 



Au 



Hom(Y, Z) ® &[/] Hom(A, Y) ® k[f] ^\ [f]/k Horn (A, Z) ® k[f] ^l [f]/k 

commutes up to homotopy, where K is the composition map. Specifically, if g = [k, V] = KoVyz^y- 
Vjz o k then a simple calculation using the graded Jacobi identity shows that 

Atxz ok - ko At Y z,XY = [g, D] . 
Applying both sides to a g> J3 and projecting to the dfi component yields (11.8). □ 

Lemma 11.14. For any a € Hom(A, X) we have str(Atj(a)) = in R. 
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Proof. Consider the diagram 



Hom(X, X) — > R 



At; 



At=0 



Hom(x, x) <g> fc[/] nl [f]/k - ) r ® fc[/] nl [f]/k . 

By the graded Jacobi identity str o Atxx = [str, At] = [g, D] where g : Hom(X, A") — > R®k[f}&k\f\/k 
is g = [str, V] . But from the way we have defined our connections, it is clear that str and V commute, 
so g = and str o Atxx = 0. □ 

Proposition 11.15. The operator At* on Hom(X, Y) is adjoint to - At, on Hom(Y,X). 

Proof. If we apply (str(— )) to both sides of (11.8) and use Lemma 11.14 we find that 

(Ati(a), fic = -(-l) |a| («, Ati(/3)) c - (stv(gD(a ® /?))) . 
So fj,(a (g> /3) = (str(g(a (8> /3))) is a homotopy expressing Atj as adjoint to — Atj. □ 

11.3 Idempotents 

In the previous section we constructed operators A", Aj. and Atj on the dg-category C. Now we use 
these operators to define idempotent endomorphisms of the complex 

C(X, Y) = Hom(A, Y) 

which split in the homotopy category of Z^-graded A;-complexes to give Hom(A, Y). In this way the 
dg-category of matrix factorisations can be recovered from the quotient C and the nondegenerate 
pairing defined above induces the homotopically nondegenerate pairing (—,—). 

The main result of [DMb] is that if V is the free fc-module on the basis 9±, . . . , 9 n then there is 
a homotopy equivalence 

Hom(A, Y) ^ Hom(A, Y) ® fc f\ V . 

There are consequently 2 n ways to embed Hom(A, Y) in the homotopy category of ^-complexes as 
a direct summand in Hom(X, Y). The "top degree" embedding, corresponding to the form 9\ . . . 9 n , 
is determined by the following idempotent endomorphism of Hom(X, Y): 

« = 7^(-l) (T) E (-l) M A: (1) ...A; (n) At r(1) ...At T(n) . 

The details are recalled in Appendix A, see (A. 7). 

Similarly there are 2 n ways to embed Hom(Y, X) as a summand in Hom(Y, X). The embedding 
corresponding to the 0-form 1 in f\ V was not discussed in [DMb] but we give the details in Ap- 
pendix A, specifically Proposition A.l. The upshot is that that this embedding is determined by 
the following idempotent endomorphism of Hom(y, X) 



''-^i- 1 )^ E (-l) l<Tr| At r(1) ...At r(n) A (T{1) ....A (T(n)> . 



To be precise, taking Z = Hom(A, Y) in (A. 6) we have a diagram of degree zero fc-linear morphisms 

Hom(A. Y) t & ; HomfX. Y)[n) (11.9) 
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with if) o ■& = 1 and $ o if) = e (equalities meaning equal up to fc-linear homotopy) and a diagram 

Hom(T, X) ( Hom(Y, X) (11.10) 

with if)' o k = 1 and Koip' = e'. A concrete description of if), if)' is not important for us, but we will 
need to know that k is simply the quotient map, and that 

Proposition 11.16. The idempotent e is adjoint to e' . Equivalently, the diagram 

Hom(X,Y) 1 >Hom fe (Hom(Y,X),fc) (H-ll) 

Hom(X, y) = > Hom fe (Hom(Y, X), k) 

commutes up to homotopy, where £(</?) = (99, — )c = (str((/? o — )}. 

Proof. Observe that by the symmetries established above (see Lemma 11.11 and Proposition 11.15) 

(K(l) • • • K(n) At T(1 ) • • • A Mn)) f = ("I)" K(n) • • • K(1)(K^ ■ ■ ■ ( A *(l))^ 

= At r ( n ) . . . At T (i) A CT ( n ) # . . . K(i), , 
from which it is immediate that e' = e'. □ 
Proposition 11.17. The pairing (11.1 ) is homotopically nondegenerate. 
Proof. Consider the diagram 



Hom(X, Y) ' : Rom(X, Y) [n] 



c 



x 



Hom fc (Hom(F, X, k) ( j Hom fc (Hom(Y, X), k) 

where x = K * C It is immediate from commutativity of (11.11) up to homotopy that x 1S a 
homotopy equivalence with inverse if) o o {if)')* . To prove the theorem it only remains to observe 
that x( a ) is the functional (a, -) jy from (11.1). But 



X(a) = K*($(a) 



r(l) o . . . o A CT ( n ) o a 



^(-i) n E (- 1 ) M ^ str ( A -(D • • • a ° -)> 



= (a, -)xy 

which completes the proof. □ 
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11.4 Proof of the theorem 

Let us now abandon the general setting, and return to the situation of the main theorem where 
R = k[xi, . . . , x n ], fi = d Xi W and to = dx± . . . dx n . The main nontrivial input that we need is: 

Theorem 11.18. The R-linear map 

R — > Honij.(fl, k) , 

r ■ (— ) dx 



/ 1 ! • • • j fn 



is an isomorphism. 



Proof. For local rings R this is the statement of local duality. A proof which works in the present 
level of generality is given in the forthcoming [Murb]. □ 

Set / = (/i, . . . , f n )R and let R denote the I-adic completion of R. The axioms (H1)-(H4) 
hold for R, since by [DMb, Appendix B] this algebra admits a flat standard connection as a k[f]- 
module, and (H4) follows from from Theorem 11.18. Note that in (HI) we only need that the fi act 
null-homotopically on the matrix factorisations 

X = X® R R, Y = Y® R R 

extended from R. 

Proof of Theorem 11.1. Consider the commutative diagram 

Rom R (X,Y) >Rom k (llom R (Y,X),k)[n] 



Hom^(X,y) >Rom k (Hom n (X, Y),k)[n] 

where the columns are the canonical maps, and the rows are adjoint to the two versions of the 
pairing (11.1). Since the bottom row is a homotopy equivalence by Proposition 11.17, to prove the 
theorem it is enough to argue that the canonical map 

Rom R (X, Y) — > Hom^X, Y) 

is a homotopy equivalence of Z^-graded complexes over k. But this is a consequence of the general 
fact that the "pushforward commutes with flat base change", see [DMb, Remark 7.7]. □ 



Appendix A. Symmetrised idempotents 

In Section 11 we used the idempotent pushforward construction of [DMb] to establish a relative 
form of duality for matrix factorisations. We needed slightly more than what is stated in loc. cit. and 
in this appendix we provide the necessary additions. With later applications in mind we work in the 
same generality as the original construction, but the reader should keep in mind that for Section 11 
we only need the case Z = Hom R (X, Y) and W = of the following. 

Let k be a Q-algebra and R a A;-algebra with a quasi-regular sequence / = {f\, . . . , f n } such 
that R = R/(fi, . . . , f n )R is a finitely generated projective fc-module. Let W G k be given and let 
Z be a finite-rank matrix factorisation of W over R with each fi acting null-homotopically on Z, 
and moreover let Aj € Hom R (Z, Z) be odd maps with [D, Aj] = f% ■ lz for each 1 ^ i ^ n where 
D = dz- We fix a homogeneous basis for Z and, unless specified otherwise, <8> = <S)r. 

The aim is to write Z, up to fc-linear homotopy equivalence, as the splitting of an idempotent 
on the quotient Z = Z (g) R. Suppose that R admits a flat fc-linear connection V as a /c[/]-module 
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which is standard in the sense of [DMb, Definition 8.6]. The components of V are denoted d^. If 
K(f) = K(f\, . . . , f n ) denotes the usual Koszul complex then by hypothesis the map K{f) — > R 
is a quasi-isomorphism and by [DMb, Section 10] the projection 

ir:Z®K(f) — >Z®R = Z (A.l) 

is a homotopy equivalence over k. 

As a graded i?-algebra K (/) is the exterior algebra [\ F where F is -R-free on symbols 9%, . . . , n 
placed in degree —1. Since the fi all act null-homotopically on Z, if we think of Z ® K (/) as being 
constructed by iterated mapping cones it is easy to see that this complex is homotopy equivalent 
over R to the tensor product Z ® f\F, with no differential placed on the exterior component; see 
[DMb, Section 4]. This is just a direct sum of 2 n copies of Z and Z[l]. In light of (A.l) this means 
that in the homotopy category of linear factorisations of W over k, there is an isomorphism 

z ^ z ® k [\{ke t ® . . .®ko n ) 

between Z and a direct sum of shifted copies of Z, and to this direct sum decomposition corresponds 
2 n orthogonal /c-linear idempotents on Z. Our aim is to describe the idempotents corresponding to 
the top degree summand ZQ\ . . . 9 n and the bottom degree summand Z ■ 1. 

The strategy is to construct a pair of i?-linear idempotents on Z(&K(f), and then transfer these 
idempotents to Z. More precisely, we will construct a diagram 

Z[n] ; * ~» Z to K(f) T 9 > Z (A.2) 

£ k' 

in which the maps are R- linear morphisms of linear factorisations satisfying pon' = 1 and so{>' = 1 . 
The composites k' o p and 1?' o e will be the desired pair of idempotents on2® K(f) corresponding 
to top and bottom degree. 

To this end consider the case of a single fi, so there is an exact sequence 

► Z Z K(fi) Zdi ► 

where ZQi = Z[l], k'^x) = x (8)1 is the inclusion and Ei(x9{) = (—l)^x. This sequence is split exact; 
choosing a splitting is equivalent to choosing a null-homotopy on X for the action of fi. The maps 

Pl (x + yOi) = x + (-l)^\i(y) , = (-lpx9 l - A,(x) 

satisfy k^o pi + ^oEi = 1 and Pi°>^i = l,£io9i = 1 and pio^ = 0. That is, they equip Z®K(fi) with 
the structure of a biproduct on Z®Z9i. It will be convenient to have a more compact definition of 
Let us agree that left multiplication by 9i on X®K(f) comes with signs Qi-{x®rj) = (— l)' 1 ^® 9it] 
so that multiplication by 9i defines a map 9% : X — > X <S) K(fi) and i?J = 9{ — \. 

To construct idempotents on Z % K(f) we can inductively apply either of the projections e or 
p until we reach form degree zero, e. g. in the first step we can choose to "keep" 9 n , 

Z K(fx, ...,/„) ^ (Z ® K(f u /„_!)) ® Z®K{h,..., f n ^)9 n , 

or we can choose to project out 9 n by applying p instead. If after keeping 9 n we proceed to apply 
the e projections for the rest of the 0j, we obtain a split epimorphism e : Z ®K(f) — > Z[n] defined 
by e{x9\ . . . 9 n ) = (— l) n l x lx with left inverse defined by concatenating all the This left inverse 
depends on the order in which we project out the 9i, but if we symmetrise over all permutations we 
obtain the following left inverse to e: 

= k\ £ ( - 1)kl( ^ 1 ) " ^ ° ••• ° " A -W } ' 
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The reader may safely ignore this derivation, and instead check directly that commutes with the 
differentials and satisfies e o = 1, so that o e is an idempotent onZ® K{f) splitting to Z[n]. 

At the other extreme we can choose at each stage to project out the B\ using p to obtain a split 
epimorphism Z % K(f) — > Z with left inverse the inclusion k'(x) = x ® 1. The precise formula for 
this epimorphism depends on the order in which we choose to project out the 0j. If we symmetrise 
over all permutations we arrive at the morphism 



p:Z®K{f) ^Z 



defined for %\ < . . . < i p by 

p(x6 il 



(A.3) 



(A.4) 



crdS p 



Again one may ignore this derivation and check directly that p commutes with the differentials and 
satisfies p o k' = 1, so that n' o p is an idempotent splitting to Z. 

Having constructed the maps in (A. 2) we now proceed to transfer these two idempotents to Z. 
We do this via the /c-linear homotopy inverse Uoo to it which is described in [DMb, Section 10] (with 
S = k and X = Z). In the notation given there 

( Too = ^(-ir(r- i v grJ Dr f 7. 

Here V gr = Sj=i df. o 9j where 9j denotes left multiplication on Z ® K( f) with attendant Koszul 
sign, and df. is the operator extended to Z using our chosen homogeneous basis. Consider now the 
diagram 

Z\n\ . (A.5) 



Z \ 



~>Z®K{f 




From this we deduce two diagrams of /c-linear factorisations of W, writing $ = ir o and k = tt o k 1 



Z 



Z[n], Zt 



Z . 



p0(J o 



(A.6) 



The fc-linear idempotent on Z corresponding to top degree is then e = t)oeo while the bottom 
degree idempotent is e' = ko poa^. The former is described by symmetrising the content of [DMb, 
Corollary 10.4]: 



(n!) 



L_(_1)CT) £ (-l)I^A (T(1) ...A (7(n) At r(1) ...At r{n 



(A.7) 



reSn 



where At, = [D, d/J is the i-th component of the Atiyah class. 
Proposition A.l. There is a k-linear homotopy 

(_l)Cr) (-l) l<Tr| At r(1) ...At r(n) A (T{1) ...A (T(n) . 



e ~ 



n> 



(Ai 



<t,t£S„ 



Proof. Working modulo the fa and using the tricks in the discussion preceeding [DMb, Theorem 
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10.1] we have 



mi 

m^O 



i m 
gr] 



where V gr has odd degree for the purpose of writing commutators. Expanding each of these com- 
mutators in its components Atj yields a sum 

— ^ / m-\-l\ X 

^ ^ 2 m! At<T(1) ' ' ' At °"( m ) 0<J W - - - 0<J M 

m^O a&S m ,n 

over all injective functions from [l,m] to [l,rt]. Using (A. 4) 

e'=f OKOpo (Too 

= E ^("^^ E pAt a(1) ...A t(T(m) ^ (1) ...^ {m) 

m^O ' creS mj „ 

= E T^nf C- 1 )^ E E (-l) kl A^ ( i) • • • A CTr(m) At CT(1) . . . At CT(m) (x) . 

Using the relation [Aj,Atj] = —8ij up to homotopy given in the next lemma, we can commute all 
the Atiyah classes through to the left. Taking care of some combinatorics (and some delicate signs) 
the result is e' is homotopic to the expression on the right hand side of (A. 8). □ 

Lemma A. 2. As operators on Z we have 

Xi Atj + Atj A; = -5ij + [D, [d fj , Xi] ] 

and in particular [A,, Atj] = —5ij up to homotopy. 

Proof. This follows from the graded Jacobi identity 

[A<, Atj] = [Xi, [D, d fj }\ = [D, [d fj , Xi]] - [d fj , fi] = [D, [d f . , A,]] - <% ■ l z , 

as claimed. □ 

Appendix B. Homotopies and residues 

In the explicit formulas for the evaluation maps, and also the nondegenerate pairing of Section 11, 
homotopies Xi appear and there are natural questions of independence of the choice of homotopy, 
and independence up to sign of the choice of ordering. Our aim here is to answer such questions. 

The setup is as follows: k is any ring, R is a /c-algebra, W G R and X is a finite rank matrix fac- 
torisation of W over R. We assume that f\ , . . . , f n is a regular sequence in R such that R/(fi , ■ ■ ■ , f n ) 
is a finitely generated projective A;-module and that each fi acts null-homotopically on X. We also 
assume given some uj E ^^/^ and write D = [dx, —] for the differential on End(X) = Homjj(X, X). 

For example, if R = k[x\, . . . , x n ] and W E R is a potential in the sense of the body of the paper, 
all hypotheses are satisfied for fi = d Xi W and uj = dx\ . . . dx n . 
For succinctness we write 

(-) = Res R/k - - U 

_ J 1 1 • • ■ i In _ 

If for each 1 ^ i ^ n we choose null-homotopies for the action of the fi, i. e. we choose Aj G End(A) 
with D(Xi) = fi ■ lx, then we may define the closed degree n map 

(str(— o Ai ■ ■ ■ A n )) : End(X) — > k . (B.l) 
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In this section all maps and homotopies are fc-linear. Everything rests on the fact that the supertrace 
is a closed map, and thus for homogeneous a, (3 £ End(AT) 

= str(L>(a/3)) = stv(D(a)f3) + (-1) H str(aD(/3)) . 

Lemma B.l. The map (B.l) is independent, up to homotopy, of the choice of null-homotopies Aj. 

Proof. We show that replacing Ai by another null-homotopy \x\ has the effect of changing (B.l) by 
a null-homotopic linear functional; the argument for the other Aj is identical. Given a € End(X), 

"str(a/iAi • • ■ X n )u~ 



(str(aAi • • • A n )) = Res 



R/k 



fi, h 



Res 



R/k 



2, • • • , fn 

sti(aD(ni)Xi ■ ■ ■ X n )cu 



Res 



R/k 



fl j / 2 j • • ■ i fn 

str ((-l)l a lL'(a)^ 1 Ai ■ ■ ■ X n + afi 1 D(X 1 ■ ■ ■ \ n ))u 
fl ) /2 j • • • > fn 



(B.2) 
(B.3) 

(B.4) 



The first summand inside the supertrace gives a null-homotopic functional, and in D(Xx • • • A n ) = 
Z)(Ai)A2 • • • X n — Ai-D(A2 • • • A n ) the second summand contains factors of fi for i > 2 which annihilate 
within the residue, so finally we have that (B.l) is homotopic to the map 



Res 



R/k 



str(- o ^!L>(Ai)A 2 • • • X n )uj 

fx 1 /2 j ; fn 



(str(- o f J , 1 X 2 ■ ■ ■ X n )) 



as claimed. 

Lemma B.2. For any a G S n the map 

(-l) H (str(-oA CT(1) 

is homotopic to (B.l). 



□ 



A CT(n) )) : End(X) 



Proof. If in (B.2) we instead multiplied top and bottom of the residue by f 2 , so that the numerator 
reads str(a/2Ai ■ ■ ■ X n ), then the same argument will show that there is a homotopy 

(str(- o AiA 2 • • • A n )) ~ — (str(— o A 2 Ai • • • A n ) . 

The argument for a general permutation is the same. □ 



Appendix C. Remarks on adjoints 

Let B be a bicategory. We address the following problem encountered in the construction of adjoints 
in the bicategory of Landau-Ginzburg models: suppose that for each 1-morphism / : A — > B we 
are given a pair of 1-morphisms T /, f* : B — > A and that for those / belonging to some subcategory 
C C B(A, B) we are given evaluation and coevaluation maps exhibiting *f,P as adjoints of /. 

Provided every object of B(A, B) is a direct summand of an object of C we explain below 
that there is an essentially unique way of extending the definition of evaluation and coevaluation 
maps from C to all of B(A, B). But first we recall some background on adjoints in bicategories. 
Specifically, the way in which the adjoints '/ and /' are functorial with respect to 2-morphisms. 
This is an adaptation of standard material for monoidal categories, so we will be brief. 

Throughout this section we write Hom(/, g) for Homg(^ B )(/,g). 

C.l Functoriality of adjoints 

The following lemma recasts the definition of adjunction given in Section 2.1. Since the proof is 
essentially the same as the usual proof for adjoint functors, we omit it. 
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Lemma C.l. Let f : A — > B and g : B — > A be 1-morphisms with g left adjoint to f. Specifying 
2-morphisms ev, coev satisfying (2.3), (2.4) is equivalent to specifying a family of bijections 

<& h)l : Hom(g <g) h, I) — > Hom(/i, / <g> I), 

indexed by pairs of 1-morphisms h : C — > B and I : C — > A, subject to the following conditions: 

(i) the bijections $ are natural with respect to 2-morphisms in the variables h, I, and 

(ii) the bijections $ are natural with respect to 1-morphisms in the sense that for any h! : C — > C 



the diagram 



Hom(<7 <£) h, I) 



Hom((p <g> h) <g) h',l <g) h') 



Hom^ ® (h ® h'),l <g> h') 



-¥ Hom(/i, / <g) /) 



Hom(/i ® ti, (/ <g> I) ® h!) 



-> Hom(/i ®h',f h')) 



commutes. 



Let /i, /2 : ^4 — >■ i? be 1-morphisms with left adjoints 'fa. By the previous lemma 
Hom(t/ 2 , t/j) £ Hom(t/ 2 A B , f /l) ^ Hom(A B , / 2 ® ^ f x ) . 



(C.l) 



Definition C.2. Given a 2-morphism C : f\ — > / 2 we define '£ : ^/ 2 — > */i to be the unique 
2-morphism making the diagram 



h ® f / 2 



commute. 



(C.2) 



Using commutativity of (C.2) and the Zorro identities one checks that 

t ., ~ , f C®l 



r / 2 8) /i 
1®C 



/2®/ 2 



(C.3) 



commutes. 

Let /x, j% : A — > B be 1-morphisms with right adjoints fj. There is an isomorphism 

Hom(/J, /J) £ Hom(4, /} ® A B ) I Hom^ ® /], A B ) . 

Definition C.3. Given a 2-morphism £ : /i — >• / 2 we define £^ : / 2 — > f\ to be the unique 
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2-morphism making the diagram 



► A ® A 



-j- A 



A® /a 

A ® /i 

commute. 

Again the construction is functorial, and the diagram 



A coev »+ » 

A a ► A <S> A 



(C.4) 



(C.5) 



4 ® A 



c + ®i 



-> ft 



A® A 



commutes. 



C.2 Extending duality to the idempotent closure 

Let B be a bicategory and suppose that for fixed objects A, B there is a contravariant functor 

(-)t: B(A,B)^B(B,A) (C.6) 
and a full subcategory C C £>(j4, together with, for each / S C, a pair of 2-morphisms 

ev/:/®/t— ►A*. cbTv /: A A — ► / f ® / (C.7) 
making / into the left adjoint of f'. Suppose that the following two conditions are satisfied: 

(i) every object in the category B(A, B) is a direct summand of an object in C, and 

(ii) for every morphism ( : j\ — \ fa m C the morphism (} : f\ — > f\ defined in Section C.l agrees 
with the image of ( under the functor (C.6). Equivalently, the image makes (C.4) commute. 

Having been given duality in the subcategory C we show how to extend to the idempotent 
closure. The argument for extending left adjoints is identical and we omit it. 

Proposition C.4. There is a unique way of defining for each x G B(A, B) a pair of 2-morphisms 



ev x : x ® ar — > A b , coev x : A^ 

satisfying the conditions 

(i) if x £ C then ev x ,coev x are as given in (C.7), 

(ii) ev x ,coev x make x the left adjoint of x\ and 
(Hi) the diagrams 



A, 



x\ <g> X2 



'*l t 

> x\ 



Xl 



18< 



X\® X 



C®1 + 

> X2 <S> X [ 2 



(C.8) 



-> x 



l <8> X 2 ■ 



xi (8 x[ 



C+®1 ' ( v .' 

commute for every morphism £ : xi — > X2 in B(A, B). 
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The proof occupies the rest of this section. To begin with we choose for each x € B(A, B) an 
object / € C (depending on x) and 2-morphisms q,p such that p o q = l x as in the diagram 



Using these choices we define the 2-morphisms ev^ , coev^ , which will turn out to be independent of 
the choice of f,p, q. Applying the functor (— )t to the morphisms p, q of B(A, B) we have summands 

q^p 

x f g> x | j p (g> f , (q f g> p) o (p f (8) q) = l xtm 

p^®q 

and 

x®x^ [ — f®P, (p®J)°{q®p*) = l xm i . 



Using these maps we define coev^ to be the composite 

coev^ = A,4 > J 1 (g) / s- x 1 ® x 

and we define ev x to be 

+ q^ „ r \ ^Vf A 

ev x = x <gi x T > / <g p > A B . 

It is routine to check that ev x ,coeVa; make x into a left adjoint of xK 

Lemma C.5. ev^coev^ satisfy (2.3) and (2.4). 

Using naturality (C.4), (C.5) of evj,coev/ one checks that the diagrams (C.8) commute. If we 
apply the same argument to two presentations of a 1-morphism x as a summand of /, /' in C we see 
that ev^coev^ are independent of the choice of presentation, and in particular if x € C then these 
maps agree with the given ones. 

To complete the proof of the proposition it only remains to argue that this family of 2-morphisms 
{ev x , coev x }xeB(A,B) is unique. Suppose that we are given {ev' x , coev' x } x eB(A,B) satisfying (i), (ii), 
(iii) of the proposition. Given x with presentation as above, the solid square in the diagram 

rr 

P®1 \q®l Svf 

X <g> x^ — ► A B 

commutes by (iii) and (i). But then 

ev^. = ev' x o (p <g> 1) o (q ® 1) = evj o (1 (gip') o (q (g> 1) = ev^ 
and similarly for coev^.. 

Appendix D. Independence of variable ordering 

Objects of the bicategory CQk are pairs consisting of a polynomial ring R and potential W, together 
with a chosen ordering of the ring variables. Thus the value of a diagram in CQk depends a priori 
on the ordering of the ring variables in each of its 2-dimensional regions. In this appendix we show 
that the value is actually independent of these orderings, up to the natural permutation signs. 
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To take a concrete example, consider for X G hmf(fc[zi, . . . , z m ], V) the diagram 




(D.l) 



We show in Section 8 that the value of this diagram is the endomorphism of Ay given by multiplica- 

(m + l\ 

tion with the polynomial (—1)^ 2 ' sti(d Zl dx ■ ■ ■ d Zm dx)- While there is an obvious dependence on 
the variable ordering, we prove that the homotopy equivalence class of this endomorphism changes 
only by a permutation sign if we change the ordering of the variables z% in the outer region. 

Let (R = k[ xi, . . . , x n ], W) be an object of C-Qk- Given a G S n consider the matrix factorisation 
(A^p, of W over R e with the same underlying graded module as A\y, but the differential that 

we would have written down if we had begun with the variable ordering • • • , x a r n \, namely 



SI + 5. 



i=l 



i=i 



where are the modified difference quotient operators, defined for 1 ^ i ^ n by 



9m : k[x,x'] — > k[x,x'] 



f 



*cr(l)— *cr(i-l) f _ *cr(l)---*<T(i) f 



(D.2) 



(D.3) 



Together with the morphisms p, A of (2.15) this matrix factorisation serves as an alternative unit 1- 
endomorphism of (R, W). That is, p and A are both isomorphisms and the coherence axioms for the 
unit in a bicategory holds for A^. By uniqueness of units there is an isomorphism in hmf(i? e , W) 

£ : Aw — > Apy 

unique with the property that, for any 1-morphism X : (k[x],W) — > (k[z],V), the diagram 



X 




(DA) 



commutes in HMF(fc[x, z], V — W). Explicitly, £ can be constructed as the composite 



A 



^A^ ® R A w -^>Afr, 



but we will only use commutativity of (D.4). Taking X = AYy in this diagram we deduce that 



A 



w 



-¥ A 



ir 



(D.5) 



R 

commutes in HF(R° ,W), i.e. £ is the isomorphism connecting these two stabilisations of R. 

To understand how permuting variables affects the values of diagrams like (D.l), we need to 
understand the effect on the evaluation and coevaluation maps of Section 5. For the remainder of this 
section we fix potentials W G R = k[x±, . . . , x n ], V G S = k[z\, . . . , z m ] and X G hmf(/c[x, z], V — W). 
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By inspection coevx depends only on the order of the x-variables and coevx depends only on 
the order of the z- variables, through the maps ^>,e. Since VP is independent of the ordering up to 
homotopy, the only "real" dependence in both cases is via e. Similarly evx depends on the order 
of the x- variables via A^, dx and the order of the partial derivatives in the denominator of the 
residue, and evx depends on the order of the z-variables via A( z ) , dz_ and the residue denominator. 



Let us fix permutations a € S n and r € S m . If we take the variable orderings x a n), 



and z T n), 



r(m) 



in Section 5 the result will be morphisms 



coev 



coev 



x 



: A 
: At 



V 



^x, 

X . 



cv 



(T,T _ j" 



X 

U,T 



X 

Xi 



> S X- 



<x . l± w — tjy^s^, ev x : ^ 'i9 R 
These are related to the original evaluation and coevaluation maps as follows. 

Lemma D.l. The diagrams 



i ■^<r(n) 

(D.6) 
(D.7) 




f X ®o X 




(D. 



(-1)I T I cv 



commute in HMF(S' e , V) and HMF( J R e , W) respectively. 

Proof. We give the argument for the first diagram, the second is similar. By the universal property 
of the stabilisation it suffices to prove that the 5 e -linear morphisms 

ev , (-l) H ev£' r :X®rX^ 

are homotopic. For this it is enough to show that the S- linear maps 



Res 



k[x]/k 



str(Ai . . . A n o (— )) dx 



(-1) i<t| Res k[x]/k 



d Xl W...d Xn W 
are homotopic. But this follows from Appendix B. 
Lemma D.2. The diagrams 

A W _ At/ 



Xt ® s X, 



commute in HMF( J R e , W) and HMF(S' C , V) respectively. 



str(A f7 (i ) . . . A ct(to) q (-)) dx CT(1) . . . dx ff(n) 
dx n ,W...d x . ,W 



□ 





(D. 



Proof. The morphisms in (D.6) and (D.7) satisfy the Zorro moves, so commutativity of the diagrams 
in (D.9) follows from commutativity of those in (D.8). □ 



The general rule is that permuting the variables in a region by r changes the value of a diagram 
by a factor of (— 1) M I T I where M is the number of wiggly lines (see Section 7.1) entering or departing 
an evaluation or coevaluation within that region. The simplest example is (D.l) where the value 
changes by the sign (— 1)' T L 
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